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Orbitwise Countings in 7((2) and Quasimodular Forms

Samuel Lelievre and Emmanuel Royer

We prove formulae for the countings by orbit of square-tiled surfaces of genus two with
one singularity. These formulae were conjectured by Hubert and Lelievre. We show that

these countings admit quasimodular forms as generating functions.

1 Introduction
The main result of this paper is the proof of a conjecture of Hubert and Lelievre.

Theorem 1.1. For odd n, the countings by orbit of primitive square-tiled surfaces of the

stratum 3(2) tiled with n squares are the following. Orbit A,, contains
3
af = sz(n—Tn n’J] ( > (1.1)
pln
primitive surfaces with n squares and orbit B, contains
3 2
bh = 1z(n—3n 110 (1.2)
pin
primitive surfaces with n > 3 squares and 0 for n = 1 square. O
Remark 1.2. The notation len indicates a product over prime divisors of n. The super-

script p is here to emphasize primitivity.
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2 S.Lelievre and E. Royer

Theorem 1.1 can also be expressed in terms of quasimodularity of the generating

functions of the countings. More precisely, we have the following.

Corollary 1.3. For any odd positive integer n, the number a,, of n-square-tiled surfaces

of type A in H(2), primitive or not, is the nth coefficient of the quasimodular form

+00
. 1 d
T;) an exp(2imnz) = 1330 E4(z) + 102171 dZEz(z) (1.3)
of weight 4 and depth 2 on SL(2,7Z). O

Remark 1.4. The functions E; and E4 are the usual Eisenstein series of weights 2 and 4,
respectively. They are defined in (4.2) and (4.26).

Since the coefficients a,, have no geometric meaning for even n, it makes sense to
consider only the odd part of the Fourier series. Considering the odd part is the same as
considering the Fourier series twisted by a Dirichlet character of modulus 2 (see Section
4.4). It is then natural to expect that, similarly to the case of modular forms (see [7, The-
orem 7.4]), the odd part of the Fourier series is a quasimodular form on the congruence
subgroup Iy (4). Actually, we will prove this is the case. Let ®, and @4 be the two modular
forms of respective weights 2 and 4, defined on 'y (4) as in (4.27).

Theorem 1.5. The Fourier series

Z an exp(2immnz) (1.4)

nE2Zso+1
is the quasimodular form of weight 4 and depth 1 on I')(4) defined by

1

1280 {EAL(Z) —9E4(2z) + 8E4(42) — ]SLQ)Z(Z) + 15&@4(2) _ (1.5)

2imtdz 2irtdz
O

Remark 1.6. This theorem will be proved in Section 6. It is interesting to note that for-
getting the artificial terms of even order results in a lesser depth, that is, in a simplified
modular situation. (A modular form is a quasimodular form of depth 0, so the depth may

be seen as a measure of complexity.)

Table 1.1 gives the first few values of a; and a,,.

Our results may be interpreted in terms of counting genus 2 covers of the torus
T = C/Z + iZ with one double ramification point (see Section 2). The general problem
of counting covers with fixed ramification type of a given Riemann surface was posed in

1891 by Hurwitz who precisely counted the covers of the sphere. Dijkgraaf [2] computed
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Table 1.1 Number of surfaces of type A.

n 5 7 9 11 13 15 17 19 21 23 25 27

ah 18 54 108 225 378 504 864 1215 1440 2178 2700 3159

an 18 54 120 225 378 594 864 1215 1680 2178 2808 3630

the generating series of the countings of degree n and genus g covers of T with simple
ramification over distinct points, weighted by the inverse of the number of automor-
phisms. Kaneko and Zagier [9] introduced the notion of quasimodular forms and proved
that the generating series computed by Dijkgraaf was quasimodular of weight 6g — 6 on
SL(2,Z). The case of arbitrary ramification over a single point was studied by Bloch and
Okounkov [1]. They proved that the countings lead to linear combinations of quasimodu-
lar forms of weight less than or equal to 6g — 6. This was used by Eskin and Okounkov [4]
to compute volumes of the strata of moduli spaces of translation surfaces (see also [15]).
The SL(2,7) orbits of square-tiled surfaces were studied by Hubert and Lelievre in the
case of a prime number of squares [6] and by McMullen [12] in the general case.

Up to a multiplicative constant factor, our counting functions are the orbifold
Euler characteristics of Teichmiiller curves. Matt Bainbridge independently obtained re-
sults similar to ours in this setting.

The moduli space of holomorphic 1-forms on complex curves of a fixed genus g
can be considered as a family of flat structures of a special type on a surface of genus
g. The group GL(2,R) acts naturally on the moduli space; its orbits, called Teichmiiller
discs, project to the moduli space of curves as complex geodesics for the Teichmiiller
metric. A typical flat surface has no symmetry; its stabilizer in GL(2, R) is trivial; the cor-
responding Teichmiiller disc is dense in the moduli space. For some flat surfaces (called
Veech surfaces) the stabiliseris big (a lattice) so that the corresponding Teichmiiller disc
is closed. Projections of such Teichmiiller discs, called Teichmiiller curves, play the role
of “closed complex geodesics.”

The main lines of the proof of Theorem 1.1 are the following. In Section 3, we
evaluate the number a} in terms of sums over sets defined by complicated arithmetic
conditions. In Section 5, we relate these coefficients a¥, to sums of sums of divisors of the

form

> a@ei(d), (1.6)
(a,b)ez2
ka+b=n

For the computation of these sums, we use, in Section 4, the notion of quasimodular

forms on congruence subgroups (introduced by Kaneko and Zagier in [9]) and we take
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Figure 2.1 Surface with one angle of 67t

advantage of the fact that the spaces of quasimodular forms have finite dimension to
linearise the above sums. Here, linearising means expressing them as linear combina-
tions of sums of powers of divisors. Having obtained a series whose odd coefficients are
the numbers a,,, we introduce the notion of twist of a quasimodular form by a Dirich-
let character, to construct a new quasimodular form generating series without artificial

Fourier coefficients.

2 Geometric background
2.1 Square-tiled surfaces

A square-tiled surface is a collection of unit squares endowed with identifications of op-
posite sides: each top side is identified to a bottom side and each right side is identified to
a left side. In addition, the resulting surface is required to be connected. A square-tiled
surface tiled by n squares is also a degree n (connected) branched cover of the standard
torus C/Z + iZ with a single branch point.

Given a square-tiled surface, to each vertex can be associated an angle which is
a multiple of 27t (four or a multiple of four squares can abutt at each vertex). If (k; + 1)27

is the angle at vertex i, the Gauss-Bonnet formula implies that

> ki=2g-2, (2.1)
i=1

where g is the genus of the surface and s the total number of vertices.

Figure 2.1 shows a surface where one vertex has angle 67 (and two other vertices
have angle 27).

Surfaces can be sorted according to strata H(kq,...,ks). Square-tiled surfaces

are integer points of these strata. In this paper, we are concerned with surfaces in H(2),
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Figure 2.2 Decomposition of a surface into two cylinders.

that is, with a single ramification point of angle 67. A surface tiled by n squares in H(2)

is a degree n branched cover of the torus C/Z + iZ with one double ramification point.

2.2 Cylinder decompositions

Given any square-tiled surface, each horizontal line on the surface through the interior
of a square is closed, and neighbouring horizontal lines are also closed. Thus closed hor-
izontal lines come in families forming cylinders and the surface decomposes into such
cylinders bounded by horizontal saddle connections (segments joining conical singular-
ities). This is illustrated in Figure 2.2.

Here we explain how to enumerate square-tiled surfaces in H(2) with a given
number of squares, by giving a system of coordinates for them. We include this discus-
sion for the sake of completeness, although these coordinates have already been used in
[3, 6, 15].

We represent surfaces according to their cylinder decompositions. Cylinders of a
square-tiled surface are naturally represented as rectangles. One can cut a triangle from
one side of such a rectangle and glue it back on the other side according to the identi-
fications to produce a parallelogram with a pair of horizontal sides (each made of one
or several saddle connections), and a pair of identified nonhorizontal parallel sides. A
square-tiled surface in H(2) has one or two cylinders [15] and can always be represented
as in Figure 2.3 or 2.4. Each cylinder has a height and a width and in addition a twist
parameter corresponding to the possibility of rotating the saddle connections of the top

or bottom of the cylinders before performing the identifications.
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Figure 2.3 One-cylinder surface.
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2.3 Onmne-cylinder surfaces

For one-cylinder surfaces in 3(2), we have on the bottom of the cylinder three horizontal
saddle connections, and the same saddle connections appear on the top of the cylinder
in reverse order; we denote by { the width of the cylinder and ¢y, {,, {3 the lengths of the
saddle connections, numbered so that they appear in that order on the bottom side and
in reverse order on the top side. See Figure 2.3.

For each choice of ({1,£,,{3) with &; + {, + {3 = {, if {;, {5, {3 are not all equal,
there are { possible values of the twist t giving different surfaces. But, the three possible
cyclic permutations of ({1,{,,{3) yield the same set of surfaces. So, to make coordinates
uniquely defined, we require that ({1, {2, {3) has least lexicographic order among its cyclic
permutations. For countings, it is simpler to ignore this point and to divide by 3 at the
end.

If ¢y, £, {3 are all equal (and thus worth £/3), there is only one cyclic permutation
of (¢1,{2,43) but only {/3 values of the twist t give different surfaces.

The parameters we have used satisfy

{|n,

bh+b+=¢ (2.2)
{

<t<!{ =.

0<t< or 3

Remark 2.1. From this description of coordinates, we conclude that the number of one-

cylinder surfaces in 3{(2) tiled with n squares is (see [3])

% >y e (2.3)

U (0q,02,03)€2
L1+ +L3=¢

2.4 Two-cylinder surfaces

Given a two-cylinder surface in H(2), one of its cylinders (call it cylinder 1) has one sad-

dle connection on the top and one saddle connection (of same length) on the bottom,
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Figure 2.4 Two-cylinder surface.

while the other one (call it cylinder 2) is bounded by two saddle connections on the top
and two saddle connections on the bottom. See Figure 2.4.

For each of cylinders 1 and 2, there are three parameters: the height h;, the width
ui, and the twist t;.

Given two heights h; and h,, two widths u; < u,, and two twists ty, t; with 0 <
ti<uy, there exists a unique surface in H(2) with two cylinders having (hy, ho,wy, uz, t1, t)

as parameters. The number of squares is then h;u; + hous.

Remark 2.2. From this system of coordinates one deduces (see [3]) that the number of

two-cylinder surfaces in H(2) tiled by n squares is

E Uiurn.

(h1,hour,uz)ezd (2.4)
up<uz
hiuithyuz=n

2.5 Lattice of periods

The lattice of periods of a square-tiled surface is the rank two sublattice of Z? generated

by its saddle connections.

Lemma 2.3. A square-tiled surface is translation-tiled by a parallelogram if and only if
this parallelogram is a fundamental domain for a lattice containing the surface’s lattice

of periods. O

Proof. Decompose the surface into polygons with vertices at the conical singularities.
The sides of these polygons are saddle connections and together generate the lattice of
periods. The tiling of the plane by parallelograms which are a fundamental domain for
this lattice (or any rank two lattice of the plane containing it) yields a tiling of the trans-

lation surface by such parallelograms. |
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Remark 2.4. The previous lemma implies that the area of the lattice of periods divides

the area of the surface it comes from.

We will use a basis of the lattice of periods given by the following lemma [14,
Chapter 7].

Lemma 2.5. Let A be a sublattice of Z +1Z of index d. Then there exists a unique triple of
integers (a,t,h) witha > 1, ah =d,and 0 < t < a — 1 such that

A = (a,0)Z & (t,h)Z. (2.5)
O

Remark 2.6. Let S be a square-tiled surface in 3(2), and let (§ ) be the matrix corre-
sponding to its lattice of periods. If S is one-cylinder, then h is the height of its unique

cylinder; if S is two-cylinder, with cylinders of height h; and h,, then h = (hy, hy).

Definition 2.7. A square-tiled surface is called primitive if its lattice of periods is Z?, in

other words if (§ 1) = ({9).
Definition 2.8. A square-tiled surface is called primitive in height if h = 1.

The linear action of GL(2,Q)" on R? induces an action of GL(2,Q)" on square-
tiled surfaces. This action preserves orientation. The action of SL(2,Z) preserves the
number of square tiles, and preserves primitivity.

Hubert and Leliévre have shown that if n > 5 is prime, the square-tiled surfaces
in H(2) tiled with n squares (necessarily primitive since n is prime) form two orbits un-
der SL(2,Z), denoted by A, and B,,.

If n is not prime and n > 6, not all surfaces tiled by n squares are primitive,
and if n has many divisors, these surfaces split into many orbits under SL(2,Z), most
of them lying in orbits under GL(2,Q)" of primitive square-tiled surfaces with fewer
squares. There can be an arbitrary number of such “artificial” SL(2, Z)-orbits. Artificial
orbits consist only of nonprimitive square-tiled surfaces, since the action of SL(2,Z) pre-
serves primitivity.

Let n be an odd integer. We can distinguish two types of surfaces among surfaces
tiled by n squares in H(2). These two types are distinguished by Weierstrass points, as
follows (see [6]).

On a surface in H(2), the matrix () °) induces an involution which can be shown
to have six fix points, called the Weierstrass points of the surface. It is easy to show that
for a square-tiled surface these points have coordinates in (1/2)Z. The type invariant

is determined by the number of Weierstrass points which have both their coordinates
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integer:
(i) asurfaceis of type A if it has one integer Weierstrass point;

(ii) a surface is of type B if it has three integer Weierstrass points.

Remark 2.9. We give an interpretation in terms of orbits. Consider the orbit under
GL(2,Q)" of a surface S tiled by n squares. Then
(i) the primitive square-tiled surfaces in this orbit all have the same number of
squares, say d;
(ii) the action of GL(2,Q)" restricts to an action of SL(2,7Z) on these primitive
square-tiled surfaces;
(iii) these primitive surfaces form an orbit under SL(2,Z);
(iv) McMullen extended the result of Hubert and Lelievre by showing that if d >
5 is odd, the set of primitive square-tiled surfaces in H(2) tiled with d
squares is partitioned in two orbits under SL(2,Z) denoted by A4 and Bg;

(v) the type can be read on these primitive square-tiled surfaces.

3 Sum-type formulae for the orbitwise countings
3.1 From primitive to nonprimitive countings

In this section, we establish relations between countings of primitive surfaces, count-
ings of height-primitive surfaces, and countings of (non-necessarily primitive) surfaces.

For any integer {, the function o, is defined by

Y b ifnez.,
o¢(n) =< dn (3.1)

0 otherwise.

For n € Z-o, define E,, as the set of surfaces in H(2) tiled by n squares, E} as
its subset of primitive surfaces, and E?lh as its subset of primitive in height surfaces. For
d € Z-o, denote A4 the set of sublattices of Z + 1Z of index d. The description of surfaces

by primitive surfaces is given by the following lemma.

Lemma 3.1. Forn € Z-, the following bijection holds:

En~ [ JED 4 X Aa. (3.2)
din O

Proof. LetS € E, and let d be the index in Z +1Z of its lattice of periods Per(S). Thend | n
and Per(S) € Aq4. With the notations of Lemma 2.5, we write Per(S) = (a,0)Z ¢ (t,h)Z. To
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S we associate a surface tiled by n/d squares:

-1

, [a t
(o) a9

The lattice of periods of S’ is Z + iZ so that it is primitive. Conversely, let S’ € Eﬁ/d and
A € Aq. With the notations of Lemma 2.5, we write A = (a,0)Z & (t, h)Z. Then

a t) ,
(5 ) -

has n = ah squares. [ |

Corollary 3.2. Forn € Z-,

HEu =Y ol (A)HED (3.5)
din O

Proof. By Lemma 2.5, we have

#Na= Y T=a(d). (3.6)
(a,t,h)ezd, |

ah=d

0<t<a

We recall that a surface S is primitive in height if h = 1 with the notations of
Lemma 2.5. That is, its lattice of periods is Per(S) = (a,0)Z + (t,1)Z witha > Tand 0 <
t < a — 1. We write A/ for the set of these lattices having index d (implying d = a). We
have #A/ = d. Similarly to Lemma 3.1, we have the following.

Lemma 3.3. Forn € Z-, the following bijection holds:
ERR ~ | JEP 4 x A (3.7)
din O
Corollary 3.4. Forn € Z-,
#EPD — Z d-H#ED o (3.8)
din O

We deduce the same result for surfaces of type A. For odd n, define A/, as the set
of n-square-tiled surfaces of type A in H(2), A} as its subset of primitive surfaces (which

coincides with the SL(2,Z)-orbit A,,), and AP as its subset of height-primitive surfaces.
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Lemma 3.5. Forn € Z odd, the following bijection holds:

AL~ JAD o x Aa (3.9)
din O

Proof. We recall that the type of a surface is characterized by the number of its Weier-
strass points with integer coordinates. To deduce Lemma 3.5 from Lemma 3.1 it then
suffices to prove that a Weierstrass point P has half-integer coordinates! in a basis de-
termined by Per(S) if and only if its image by the bijection of Lemma 3.1 has half-integer
coordinates in the canonical basis of Z+1Z. Let S € E,,, Per(S) = (a,0)Z @ (t, h)Z its lattice

of periods with the notations of Lemma 2.5. We set

a t
M = (O h) . (3.10)

Let P a Weierstrass point in S, we assume that its coordinates in the basis of Per(S) are
(£/2, m/2) with m and n not simultaneously even. The coordinates of P in Z+1Z are there-
fore (al +mt, mh)/2, hence those of M—'Pin M~'S are ({/2, m/2) in the standard basis of
Z +1Z. [ |

Corollary 3.6. Forn € Z-,

an =) oi(d)al ;. (3.11)
din O

Lemma 3.7. Forn € Z odd, the following bijection holds:

ARR~ | J AR X A (3.12)
din O

Corollary 3.8. Forn € Z-.,

a? =% dab .. (3.13)
din O

To express the number of primitive surfaces in terms of the numbers of primitive

in height ones, we recall some basic facts on L-functions. For an arithmetic function f,

IMeaning in (1/2)Z? but not in Z2.
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we define
+00
L(f,s) =) fnmn .
n=1

If id denotes the identity function, we have
L(id f,s) = L(f,s —0).

For f and g two arithmetic functions with convolution product f x g, we have
L(fxg,s) =L(f,s)L(g,s).

The constant equal to 1 function is denoted by and we have

the Riemann ¢ function. Moreover
1
¢(s)’

Lemma 3.9. Letn € Z-,. Then

L(w,s) = L(ox,s) = ¢(s)(s — k).

h
ab = Z du(d)all ..
dn

Proof. Lemma 3.7 is then
L(aP"s) = ¢(s — 1)L(a?,s).
We deduce
L(a?,s) = L(k,s —1)L(a®®,s) = L(nid,s)L(as),

hence the result.

Next, we give sum-type formulae for the number of surfaces in APD,

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Proposition 3.10. Let n € Z-.,, the number of height-primitive one-cylinder surfaces

with n squares in H(2) of type A is

;X
= n.
3
21 ,22,23 odd
L1+l +L€3=n

(3.22)
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Figure 3.1 Weierstrass points of a one-cylinder surface.

Proof. See Figure 3.1. Since the cylinder is primitive in height, it has height 1. As proved
in [6, Section 5.1.1], the Weierstrass points are
(i) the saddle point, which has integer coordinates,
(ii) two points lying on the core of the cylinder, which do not have integer coor-
dinates,
(iii) the midpoints of the three saddle connections, each of these points having
integer coordinates if and only if the corresponding saddle connection

has even length. [ |

Proposition 3.11. Let n € Z-(, the number of height-primitive two-cylinder surfaces

with n squares in H(2) of type A is

Z ujuy + % Z uiuy. (3.23)

hi,ho,ug,uz€Z>0 hi,ho,ug,uz2€Z>0
hiuj+hous=n hiuj+haur=n
(hy,hz)=1 (hq,hy)=1
hq,h> odd hi#h, (mod 2)
wp<up wuyp<uz
w1 uy even D

Proof. See Figure 3.2. Among height-primitive two-cylinder surfaces with parameters
hi, ho, ug, uz, ty, t2, such that hyuy + houy, =n (odd):
(i) all surfaces with h; and h, odd are of type A,
(ii) all surfaces with u; and u, odd are of type B;
(iii) exactly half of the remaining surfaces (with different parity for u; and u;

and for hy and h;) are of type A, and half are of type B;

for each (hy, ha,uy,uy), there are uju, possible twists (if n is not prime, some values of
the twists may yield nonprimitive surfaces which is why we only require height-primitiv-
ity). In the case of different parities for hy and h;, and for u; and u;, the product u;u; is
even and exactly half of the possible twists correspond to each type. The height-primitiv-
ity condition is just that the heights of the cylinders have greatest common divisor equal

to one. [ |
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/ /
/

Figure 3.2 Weierstrass points of a two-

cylinder surface.

4 Quasimodular forms
4.1 Motivation
The aim of this part is the computation of sums of type
Sk(n) = Z o1(a)oq(b) (4.1)

(a,b)ez?
ka+b=n

with k € Z- . Here we study only the cases k € {1,2 4} but the method in fact applies to
every k [13].

Useful to the study of these sums is the weight 2 Eisenstein series

Ea(z) =1-24 io o1(M)e(nz), (4.2)
-
where
e(t) = exp(2inT) (ImT > 0). (4.3)
Defining
Hi(z) = E2(2)Ea(kz), (4.4)
one gets

+00

Hi(z) =124 :Zj [01 (M) + oy (%)} e(nz) +576 Y Si(n)e(nz). (4.5)

n=1
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We will achieve the linearisation of Hy using the theory of quasimodular forms, devel-

oped by Kaneko and Zagier. The computation of Sy (n) will be deduced for each n.

4.2 Definition

Let us therefore begin by surveying our prerequisites on quasimodular forms, referring
to [10, Section 17| for the details. Define

Mo(N) = {(a Z) - (a,b,c,d) € Z*, ad —bec =1, Nc} (4.6)

C

for all integers N > 1. In particular, Iy (1) is SL(2,Z). Denote by H the Poincaré upper half

plane:

H={zeC:TImz> 0} (4.7)
Definition 4.1. Let N € Z-o, k € Z>o,and s € Z>,. A holomorphic function

f:H—C (4.8)

is a quasimodular form of weight k and depth s on I'H(N) if there exist holomorphic func-
tions fo, f1, ..., fs on H such that

S

(cz+ d)“%(jﬁiz) _ ;fi(z)(czi_ d)i (4.9)

i=

for all ( a g) € I'o(N) and such that f is holomorphic at the cusps and not identically van-

ishing. By convention, the 0 function is a quasimodular form of depth O for each weight.

Here is what is meant by the requirement for f to be holomorphic at the cusps.
One can show [10, Lemma 119] that if f satisfies the quasimodularity condition (4.9), then

fs satisfies the modularity condition

C(k-25)¢ (Gz+D _
(cz+d) fs <cz+ q fs(z) (4.10)

forall (¢%) € To(N). Asking fs to be holomorphic at the cusps is asking that, for all
M= (5 ®) € Io(1), the function

(4.11)

z— (yz + 6)*(k’25)fs <a2+ ﬁ)

Yz + 0
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has a Fourier expansion of the form

+00
Z ?s,M(n)e<E)» (4.12)
Uum
n=0
where
um =inf{u € Z.o: T* € M 'To(N)M}. (4.13)

In other words, fg is automatically a modular function and is required to be more than
that, a modular form of weight k — 2s on I'H(N). It follows that if f is a quasimodular form

of weight k and depth s, non-identically vanishing, then k is even and s < k/2.

Remark 4.2. Let x be a Dirichlet character (see Section 4.4). If f satisfies all of what is

needed to be a quasimodular form except (4.9) being replaced by

(cz+ d)kf(ZiZ) :x(d)iofi(z)(czid)i, (4.14)

i=
then one says that f is a quasimodular form of weight k, depth s, and character x on I'h(N).

The Eisenstein series E, transforms as

) az+b 6 ¢
E =E — 4.1
(cz+d) 2<cz+d) Z(Z)+i7ICZ+d (4.15)

under the action of any ( a 3) € To(1). Hence, E, is a quasimodular form of weight 2 and
depth 1 on Iy (1). Defining

En2(z) = E2(Nz), (4.16)

one has

(cz+d)_2EN,2(aZ+b) 6 c

—E i 4.17
cz+d N’Z(Z)+i7tN cz+d ( )

forall (¢5) € Io(N). Hence, En , is a quasimodular form of weight 2 and depth 1 on
Io(N). One denotes by ﬁk[Fo(N)]is the space of quasimodular forms of weight k and
depth less than or equal to s on I'h(N). The space K/l/k[Fo(N)]SO is the space My[lH(N)] of
modular forms of weight k on I'/(N). A recurrence on the depth implies [10, Corollary 121]
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the equality
Mic[To(N)]=* = @) Mic_2: [To(N) ] EL. (4.18)
i=0
It is known that M, [[(1)] = {0}. However, if N > 1, one deduces from

CeE,®CEnp C ﬁz [r()(N)]§1 =M, [ro(N)] @ CE, (4.19)

that dim M;[IH(N)] > 1. By the way, for every family (cq)qn such that

S %d ~0, (4.20)
d|N
one has
[z — chEz(dz)] € M2 [lo(N)]. (4.21)
dIN

Denote by D the differential operator

It defines a linear application from My [Io(N)]<$ to M2 [To(N)]S5*1. This application is
injective and strictly increases the depth if k > 0. This property allows to linearise the

basis given in (4.18).

Lemma 4.3. Let k > 2 even. Then

k/2-1
Mi[(N)]=2 = @ D'My_z:[Io(N)] @ CD¥/>TE,. (4.23)
i=0 [

4.3 Sums of sums of divisors

Lemma 4.3 allows to reach our goal by expressing the sums S, S,, and S4 introduced in
(4.1) as follows.
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Proposition 4.4. Letn > 1. Then

S1(n) = 2 o3(n) — %m (n) + ]]—201 (n),

1 1 n 1 1 n 1 1 n
S2(n) = ﬁcrg(n) + 303 (f) —gho (n) — ikl (f) + 2201 (n) + 540" (5)’

1 1 n 1 n 1 1 n
S4(n):R03(n)+E03 > +§03 7 —En61(n)—znc1 7

(4.24)
O

Proof. We detail the proof for the expression of S4. The function Hy, introduced in (4.5),

is a quasimodular form of weight 4 and depth 2 on I3 (4). Lemma 4.3 gives

M [To(4)] =% = M4 [To(4)] @ DM, [T5(4)] © CDE,. (4.25)

The space M4[l(4)] has dimension 3 and contains the linearly independent functions

Esa(z) =1+ 240 io o3(n)e(nz),

n=1

4.26
E2,4(Z) = E4(ZZ), ( )
E4,4 (Z) = E4 (42)
The space M;[I(4)] has dimension 2 and is generated by
(Dz(Z) = ZEz(ZZ) — Ez(Z),
4 1 (4.27)
@4(2) = §E2(4Z) — gEz(Z).
Hence, by the computations of the first seven Fourier coefficients, one gets
Hf]E—i—sE +4E —|—9D(D +3DE (4.28)
4 =55kt 5k2a+gRaa+ 5D 2. .

The computation of S; is then obtained by comparison of the Fourier coefficients of this

equality. The computation of S, is obtained along the same lines via the equality

1 4
H, = 5E4 + 5E2,4 +3D®, + 6DE, (4.29)
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between forms of m4[l“o (2)]=2. At last, the expression of S is deduced from the equality
E3 = E4 + 12DE, (4.30)

between forms of My[[o(1)]<2. n

Remark 4.5. The computation of H4, which lies in the dimension 6 vector space with ba-
sis {E4,E24,E4,4,D®,,D®4, DE,}, required working on seven consecutive Fourier coeffi-
cients. We briefly explain why, mentioning that any sequence of 6 consecutive coefficients

is not sufficient. For any function

f(z) = Y f(n)e(nz) (4.31)

and any integeri > 0, define

o~ ~

c(f, i) = (FA), f(i +1),F(i +2), f(i +3),f(i +4), f(i +5)), (4.32)
and let

V1 (‘L) ZC(E4,"L), Vz(i) :C<E2‘4,1'.), V3(i) IC(E4y4,"L),

(4.33)
va(i) = ¢(D®2,1),  vs(i) =c(D®4,1),  ve(i) =c(DEy,1i).

Then, for each i, there exists an explicitly computable linear relation between v, (1), v3(i),
va(i), vs(i), and vg(i). One could think of using a basis of m4[l"o(1)]32 echelonized by in-
creasing powers of e(z). The same phenomenon would however appear when changing to

such a basis and expressing the new basis elements in terms of the original basis.

4.4 Twist by a Dirichlet character
Recall that a Dirichlet character x is a character of a multiplicative group (Z/qZ)* ex-

tended to a function on Z by defining

() = x(n(modq)) if (n,q)=1, (a.39)

0 otherwise

(see, e.g., [8, Chapter 3]).

A quasimodular form admits a Fourier expansion

f(z) = Y f(n)e(nz). (4.35)
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Since we will need to compute the odd part of a quasimodular form, we introduce the

notion of twist of a quasimodular form by a Dirichlet character.

Definition 4.6. Letx be a Dirichlet character. Let f be a function having Fourier expansion

of the form (4.35). The twist of f by x is the function f®x defined by the Fourier expansion

+00

fox(z) =) x(mf(nenz). (4.36)

n=0

The interest of this definition is that it allows to build quasimodular forms, as

stated in the next proposition.

Proposition 4.7. Let x be a Dirichlet character of conductor m with nonvanishing Gauss
sum. Let f be a quasimodular form of weight k and depth s on I'7(N). Then f ® x is a quasi-
modular form of weight k, depth less than or equal s, and character x? on I'y(lcm(N, m?)).

O

Remark 4.8. The Gauss sum of a character x modulo m is defined by

0= Y )x(u)e(%) (437)

u (mod m

Proof. The proof is an adaptation of the corresponding result for modular forms (see,
e.g., [7, Theorem 7.4]). We consider for each k the following action of SL,(R) on holomor-

phic functions on H:

<f1|< (: Z))(z):(chr d)W(ZIE). (4.38)

Since x is primitive, this sum is not zero. One has

1 Y

Xgex= Y XV (gl m (4.39)
v (mod m) k \0 1

as soon as g has a Fourier expansion of the form (4.35). Define M = lcm(N, m?). Let
(S ®) € I'y(M). The matrix

5y -1
1 1 X [3 1 \i
m m (4.40)
0 1 Yy &) \o 1



Orbitwise Countings in H(2) and Quasimodular Forms 21

being in I'H(N), one deduces from the level N quasimodularity of f and (4.39) that

*(X) <f®x <°‘ B))(z)
k\y &

s 52\)
_ 1T — Y
= Z Z X(v) | fi | ) m (z) 52v 52y
1=0 v (mod m) k=21 |0 1 ’Y<Z+ _> _}_57"/
m m

(4.41)

Since the functions f; are themselves quasimodular forms (see [10, Lemma 119]), they

admit a Fourier expansion. Hence, from (4.39),

s i
(X) <f ox| (j: E)) (2) = T(X)x(8)* ; fi @ x(z) (y;; 5) - (4.42)
It follows that f ® x satisfies the quasimodularity condition. There remains to prove the
holomorphy at the cusps, which is quite delicate since f; ® x may be 0 even though f;
is not. Actually, Lemma 4.3 and the fact that the twist of a modular form on I'H(N) by a
primitive Dirichlet character of conductor m is a modular form on ',(M) show that the
proposition is proved as soon as it is proved for f = D¥/?~1E,. In that case, s = k/2 and
fs ® x isnot 0 (see [10, Lemma 118]), hence fs being a modular form implies that f; ® x is

also one. [ |

5 Proof of Hubert and Leliévre conjecture

The aim of this part is the proof of Theorem 1.1. In all this part, n is assumed to be odd.
Define

o (n,r) = Z ujuy,

(h1,u1,ha,uz)€A 1 (1,1)

o (n,r) = % Z uruz, (6.1)

(hy,ug,ha,uz)EAL (n,T)

az(n,r) :% Z 1

(w1, u2,u3)€A3(n,T)
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with
.A] (TL,T)
4 (h1 vhl) =1 n
=< (h,ur, ho,up) € 22 u; <uyp, h1u1+h2u2=—},
h; and h, odd, T
Az(n, 1)
. (hi,h2) =1, uy < ug, n
—{(h],U],hz,u2)€Z>oi hiur +hauy = — 5,
h; or h; even, | uj or u; even, T

Asz(n,r)

n
= {(u1,uz,1J,3) € (ZZZO +])3 Uy +up +usz = 1‘}.

By Lemma 3.9 and Propositions 3.10 and 3.11, our goal is the computation of

ah = Z u(r)[raq (n, ) + roa(n, r) + a3 (n, )] (5.3)

TIn

This, and hence Theorem 1.1, follows from the forthcoming Lemmas 5.3, 5.6, and 5.7.

5.1 A preliminary arithmetical result
The following lemma will be useful in the sequel.

Lemma 5.1. Letn > 1. Then

> ) Y u(d)ak<%> L &3 |

TIn din/r TIn
(4) (4) o4
n(d ny pu(d
Sum ¥t e () =n 2 B2
TIn din/r dn 0
Proof. Consider the function
f=(id" 1) * pw+ oy (5.5)
Then
_As=Kk) e : 1k
L(f,s) = WD) - L(id" p,s)L(id",s), (5.6)



Orbitwise Countings in H(2) and Quasimodular Forms 23

hence
f=(id" ) *id". (5.7)
The lemma follows by taking £ = 1 for the first equality and { = k = 1 for the second. W
Remark 5.2. Note that
p(r) 1
= I1 (1 ~ 17)' (5.8)
TIn pin
5.2 Two cylinders and odd heights

Here, we compute the sum

Z u(r)ag (n, v). (5.9)

TIn
More precisely, we prove the following lemma.

Lemma 5.3. The number of type A primitive surfaces with n squares and two cylinders
of odd height is

n2(n—1) ¢ u(v)

. (5.10)
2
8 o T 0
Write
(1) =yi(n,v) — oy (n,7) (5.11)
with
Yi(n,r) = Z uiuz,
(h1,ur,h2,uz)€C(n,r)
(5.12)
xi(n,r) = Z ujuy,
(hi,ur,ho,un)ed (n,r)
where

n
Cn,r) = {(]’L],LL],hz,LQ) € Zio : (h],hz) =1, u; <uz, hiu; + houy = ?}
(5.13)
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and (recalling that n is odd)

~ 4 (h1 ) hZ) = 1’ n
A](TI,T): (h],U],hz,uz) EZ>OI u <uz, hyu;y +houy; = — ».
hy or h; even, T
(5.14)
Note that the sum
> rumyi(m,) (5.15)

rin

is the total number of primitive surfaces with two cylinders. Lemma 5.3 is a consequence
of the two following Lemmas 5.4 and 5.5 and of (5.11).

5.2.1 Surfaces with two cylinders. We prove the following result.

Lemma 5.4. For n odd, the number of primitive surfaces with n squares and two cylin-

dersis

2 —
= (5;4 18) “SH%@(TI), (5.16)

Tin

where ¢ is the Euler function. O

Using Moébius inversion formula, one obtains

yi(n,m) = Z u(d) Z ujuz

dn/r (i1,u1,i2,u2)€2 o

Wy <uj (5.17)

i1ug +izu2:ﬂ/(1‘d)

=Y1,1(T1,T) —v1,2(n,71)

with

v =1 Y w@ Y ww,

dn/r (i1,u2,i2,u2)€Z?
itrug+iu=n/(rd)

Y1.2(n,7) :% D @ > u?.

din/r (i1,i2,0)€Z2
(L1 +iz)u=n/(rd)

(5.18)
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One has

Y1,1(n, 1) ZH Z ZWIZWZ

d\n/T (vi,v2)€Z2, Wilvi walva
vi+va=n/(rd)

—5 X wasi( )

din/r

By Proposition 4.4, this can be linearised to

= 5 pa(3)-3 £ 20 )

dn/r din/r

+2]—4 Z n(d)oy (%)

dn/r

SO as to obtain

Zru(r)ym (n,r1) = (254713 _ 411“2) Z g

rin

thanks to Lemma 5.1.

Next, one has

Y1,2(n, 1) ZM Z v2<%1)

d\n/r vin/(rd)
so that
u(d) n
ZTH Jy1,2(n, 1) ZZ d“l(a)
TIn TIn d\n/r
1 n
—5 ) () Y wdozr( —
2 rd
TIn din/r
n
2 Z *Z ()
TIn
by Lemma 5.1.

Finally, reporting (5.21) and (5.23) in (5.17) leads to Lemma 5.4.

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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5.2.2 Even product of heights. Let us now compute the contribution of &4 (n, ).

Lemma 5.5. The number of type A primitive surfaces with n squares and two cylinders,

one having even height, is

n?(2n—15) « u(r) n

TIn O
Write
o1 (n, 1) =a1,1(n, 1) — o 2(n, ) (5.25)

with, recalling again that n is odd,

- 1
or,1(n, 1) = 7 Z u(d) Z i uiuy,
din/r (i1,u1,i2,u2)€A 1 (1,T)
(5.26)
2
1 2(n,7) 2 Z u(d Z u-,
din/r (11 A2, w)eAT 2(n,T)
where
e . . 4 . . . . n
Arg =1 (1, w,i2,u2) € Z2 1 iy oriz even, iju; +ius = g
(5.27)

21)2 = {(h,iz,u) € 73, : 1y ori, even, (i1 +i2)u= ;}

Since i; and i, are not simultaneously even, one has

Gan = Y w0 Y Y Y- Y was(g). 526

din/r (vi,v2)€zZ2, tilvi izlva din/r
Vi+ve= n/(dr)ll even

Using Proposition 4.4 and Lemma 5.1, one obtains

3 ra(r) 1 (n,7) = (fzrf e ) Sl (5.29)

TIn

Next,

& o (n, 1) Z wa Y )uz(%q). (5.30)

d\n/r uln/(dr
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Lemma 5.1 gives
n? u(r) n
Zru )&y 2(n,T) TZ — - z(p(n). (5.31)
T'T‘l.

Reporting (5.29) and (5.31) in (5.25) leads to Lemma 5.5.

5.3 Two cylinders with even product of heights

Compute at last the sum
> ru(m)ea(n, ). (5.32)
rin

Lemma 5.6. The number of type A primitive surfaces with n squares and two cylinders,

one having an even height, the other having an even length, is

nZ(n_3) H(T)‘ (533)

2
48 T T 0

Since n is odd, one has

o (n, ) =7 Z u(d Z ujuy (56.34)

dn/r (11,ul,iz,uz)EﬁLz(ﬂmd)

with
i; and u; even,
~ . . . . n
A])z(n,r, d) = (11 , W ,lz,uz) S Zio : or 11Uy + 12Uy = E
i, and u; even,
(5.35)
Hence,
1
ax(n,r) = 2 Z u(d) Z AIRRID
din/r (i1,u1,i2,u2)€Z2
i; and u; even
11wy +izuz=n/(1‘d) (536)

_ d%r w(d)S4 (%)

The result follows from Proposition 4.4 and Lemma 5.1.
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5.4 One cylinder
The counting in that case is more direct.
Lemma 5.7. The number of type A primitive surfaces with n squares and one cylinder is
n’ o () 37
WL 7 (5:37)
rin O

One actually has

2_wmas(nr) = %Z”(;>#{(V1,Vz,V3) €Z30:vi+ V2 +v3 = ?}

TIn TIn

- %Z“(;) T28_1 (5.38)

5.5 Computation of a generating series

The number of non-necessarily primitive surfaces with an odd number n of squares of

type A is given by
n
an = Z o (H) al. (5.39)
dn

Even though this does not have any geometric sense, one can define numbers al, and a,
by these formulae for even n > 2. We will compute the Fourier series attached to the
resulting sequence (an)nez.,. Corollary 1.3 follows directly from the following proposi-

tion.

Proposition 5.8. Letn > 1. Then

3

an = — [03(n) —noi(n)]. (5.40)
16
O
Proof. We use the basic facts of Section 3.1. We have
3
an = E[kg(n) —kz(n)], (5'41)

where, for { € Z, the arithmetical function k; is defined by

ke = o7 % (id"W) (5.42)
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with
Ym) =) @ = x (pid ?)(n). (5.43)
TIn

We deduce that

((s)&(s =N&(s = )

L(k = 44
( fas) C(S*E‘FZ) ) (5 )
hence
k3:0'3, kziidO‘]. (5.45)
[ |

6 The associated Fourier series

Recall that the two weight 2 modular forms ®; and @4 on 'y(2) and Iy(4), respectively,
have been defined in (4.27). In this section, we prove Theorem 1.5. Since we want to elim-
inate the coefficients of even order, it is natural to consider the Fourier series obtained
by twisting all coefficients by a modulus 2 character. By Proposition 4.7, one obtains a
quasimodular form of weight 4, depth less than or equal to 2 on Iy(4), hence a linear
combination of 4, E; 4, E4 4, DD2, DOy, and DE; (see the proof of Proposition 4.4). The
coefficients of this combination are found by computation of the first seven Fourier coef-

ficients.
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