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AssTrRACT. The notion of double depth associated with quasi-Jacobi forms allows distinguishing,
within the algebra JS® of quasi-Jacobi singular forms of index zero, certain significant subalgebras
(modular-type forms, elliptic-type forms, Jacobi forms). We study the stability of these subalgebras
under the derivations of JS® and through certain sequences of bidifferential operators constituting
analogs of Rankin-Cohen brackets or transvectants.
This text is essentially an automatic translation with the assistance of ChatGPT 4o from the
original French author last version.
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1. INTRODUCTION

This article presents an analytical and algebraic study of singular quasi-Jacobi forms of index
zero. It particularly examines the stability under derivations of certain significant subalgebras
(elliptic forms, quasi-Jacobi forms of quasielliptic type, quasi-Jacobi forms of quasimodular
type), with the aim of constructing sequences of bidifferential operators that constitute formal
deformations of these algebras, namely, Rankin-Cohen brackets or transvectants.

For the actions (parameterized by a nonnegative integer, the weight) of the modular group
SL(2,Z) on the algebra of functions of a complex variable 7 in the Poincaré half-plane H with
values in C, it is well known that the algebra M of modular forms (graded by weight) is not stable
under the derivation d,. There are at least two ways to overcome this obstruction. The first is
to canonically construct a sequence of bidifferential operators in d,, known as Rankin-Cohen
brackets, which stabilize M (cf. [26]) and which also constitute (cf. [2], [6], and [26]) a formal
deformation of the algebra M (in the sense of [12, Chapter 13]). The second is to define above
M the algebra M® of quasimodular forms, which is by construction stable under d., graded
by weight, and filtered by depth (cf. [26], [18]). These two points of view are closely related
since one method to show the stability of M by Rankin-Cohen brackets involves extending their
definition to the algebra M* (see [25, Section 5] or [6, Proposition 9]). A similar approach is
proposed in this article for the action of the Jacobi group on functions in two variables. It requires
revisiting various notions scattered throughout the literature on Jacobi forms and quasi-Jacobi
forms in a formalized and unified context (see for example [22], [13], [7], [8]).

In what follows, we consider the actions (parameterized by two nonnegative integers, the
weight and the index) of the Jacobi group SL(2,Z) = Z? on functions of two complex variables
(7,2) from ‘H x C to C. The notion of a singular Jacobi form follows from this (definition 6), with
the term singular referring here to the analytical assumptions of periodicity and meromorphy
necessary, which we clarify further in Definition 4. Denoting JS; as the vector space of singular
Jacobi forms of index zero and weight k, Theorem 8 describes the graded algebra JS = P ]S,
as the algebra of polynomials C[@,d,9,es], where g is the Weierstrafl function and ey is the
Eisenstein series of weight 4. Thus, it coincides with the algebra of elliptic forms in the sense of
Definition 1. The end of the first section of the article is devoted to determining (proposition 9)
the dimension of the subspaces JS.

The algebra JS, like its subalgebra M, is not stable under the derivation d.. This leads to the
introduction in Section 2 of the notion of singular quasi-Jacobi forms of index zero, to which are
attached by construction a weight k € Z, and a double depth (s,s;) € Zio (see Definition 13).
These singular quasi-Jacobi forms are structured into an algebra JS® graded by weight and
doubly filtered by depth, which Theorem 23 describes as the algebra of polynomials in five
variables JS® = C[@, d,9, ey, €5, E1 ], where e, is the Eisenstein series of weight 2 and depth (1,0),
and E; is the first shifted Eisenstein function of weight 1 and depth (0, 1). The two intermediate
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subalgebras JS*0 = C[p, d,p, e4,e,] and JS¥® = C[p, d,9, e4, E; | between JS and JS® correspond
to quasi-Jacobi forms of depth (s1,0) and (0,s;,), respectively named quasimodular type and
quasielliptic type.

Section 3 of the article is dedicated to constructing formal deformations on each of the
four algebras involved and their connections with the classical Rankin-Cohen brackets on the
subalgebra M. The derivation d, of JS* being homogeneous of degree 2 for the weight, we can
introduce in Proposition 30 Rankin-Cohen brackets on JS* that constitute a formal deformation
of JS® (see [2] and [6], following the principle initiated in [25]). Using the general algebraic
arguments of [6, Theorem 6], we demonstrate in Theorem 31 that the subalgebra ]SO’°° is stable
under these brackets, which extend those classically defined on M. The same method allows us
to obtain in Theorem 35 a formal deformation of the algebra JS of elliptic forms extending the
Rankin-Cohen brackets on M by considering this time bidifferential operators in the derivation
d=3d;+ %El d, (see also with a different proof [13, Proposition 2.15]). For the case of quasi-
Jacobi forms of quasimodular type, it is through a very different strategy based on the notion of
transvectants from classical invariant theory (see [17]) that we obtain in Theorem 47 a formal
deformation of the algebra ]SO,

2. SINGULAR JACOBI FORMS

2.1. Elliptic functions associated with a lattice. [9, Chapter V] Let R be a lattice in C. A
meromorphic function f: C — C is said to be elliptic for R if

VzeC YweR f(z+w)=f(2)

A fundamental example of such a function is the Weierstrafd function associated with the lattice

R defined by
1 1 1
v - =— E -
zeC-R 9r(2) 22+ ((z—w)2 wz)
weR—{0}

Every even elliptic function is a rational function with complex coefficients in g% [9, Proposi-
tion V.3.2]. For every even integer k > 4, we define the complex number

€kR = Z wk,
weR-{0}

The function g5 satisfies the differential equation
2
(pr) =Wz(pr) with Wg(X)=4(X>-15e, X —35¢e5z) € C[X] (1)
If P, Qp, P5, and Q) are rational functions, we then have

(P(9r) + Qi(PR)PR ) (Pa(9R) + Qa(9R)9% ) = (Ps(9r) + Qs(9R)9% )
with
P3=PP+WrQ1Q; and Q3=PQy;+QiP.
In particular, if P and Q are two rational functions in C(X) and if

P ~ Q
- d - =
Powea? M 0T w2

ﬁ:
then _ ~

(P(9r) + QorIpR ) (P(9R) + QlorIpR ) = 1.
Thus, the set

E(R) = Clpr)®C(pr)9r
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is a field. Since C(pg) is the field of even elliptic functions, and since if f is elliptic and odd,
then the quotient f/g7 is elliptic and even, we conclude that the field £(R) is the set of elliptic
functions for R.

2.2. Elliptic forms. For all A € C*, we have
Par(z) = A9r (17'2) (2)

erar = A err (3)

so that we can restrict ourselves to representatives of the equivalence classes of lattices by
complex homothety. Any lattice having a basis (wy, w,) with w,/w; belonging to the Poincaré
half-plane H of complex numbers with strictly positive imaginary part, we restrict to the lattices
Z®tZ withteH.

We then define, for every even integer k > 4, the Eisenstein function of weight k by

e : H — C
T P e ZerZ-

This is a modular form of weight k on SL(2,Z) whose Fourier expansion! is given by

2k B 2k = .
er(1) = l|<' il | 1- B, Zak,l(n)ezmm (k > 4 even). (4)
’ n=1

We define e, by extending this equality to k = 2. The function e, is not a modular form.
In a similar manner, we define the Weierstrafl function by

 : HxC - C
(t,2) = 9zecz(2).

Definition 1. We call an elliptic form any element of the ring C[p, d, 9, e4] and an elliptic function
any element of the field of fractions C(p, d, 9, e4).

Remark 2. We will also denote by e the two-variable function induced by the Eisenstein function
of weight k, and we shall still call it the Eisenstein function of weight k:

eg ¢ HxC —» C

(T2) - elr) (k > 2 even). (5)

Remark 3. Our use of the term elliptic refers to the theory of elliptic functions associated with
a fixed lattice, described using the Weierstrafy function associated with that lattice and its
derivative. The intention to “free” the lattice requires adding e4 and e4. The differential equation

(0,9)% —49% + 60ey 0+ 140e5 =0 (6)

then forces us to remove the function eq from the generators: indeed, it can be expressed as a
polynomial in the algebraically independent functions g, 9, 9, and e, (see Theorem 8). We will
give another independent proof of (6) later in this text (see equation (31)).

2.3. Singular Jacobi forms of index zero.

IThe integer oy_1(n) is X_g} dk=1. The sequence (B );>0 is defined by the generating series:

¢ +LX)B t”
VIE'
0

et—1"
n
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2.3.1. Action of the Jacobi group on H x C et C"*C, The multiplicative group G = SL(2,Z) acts on
the additive group H = Z? from the right by

Vg:(z Z)GG, VYA=(AMpu)eH, Ag=(Aa+puc, Ab+ pud)

The Jacobi group is the semidirect product G =< H = SL(2,Z) x Z? which is derived from this,
with the product

Vg,g'€G, YA N €H, (g A) g, AN)=(g¢',Ag"+A").
The groups G and H act on H x C from the left as follows:

b at+b  z
Vg:(z d)GG, V(T,Z)GHXC, g(T,Z):(m,m),

VA=(Au)eH, V(t,2) e HxC, A(T,2) =(T,2+ AT + p).
This leads to a right action | of G = SL(2,7Z) and a right action |;; of H = Z? on the algebra of
functions C"*€ defined by
Vg = (? Z) €G, VfeC™C, flog: (1,2) |—>f(
YA =(Ap) eH, VfeCVC, flyA:(t,2) > f(T,2+ AT+ p). (8)
These two actions are compatible in the sense that

Vge G, YAeH, Vf €T, (flg)luAg = (fluA)lcg.

This allows us to deduce a right action of the Jacobi group SL(2,Z)xZ? on the algebra of
functions C"*¢:

at+b z
ct+d ct+d

Vg € G: VA € H: Vf € CHXCr f|G><H(grA> = (fng)lHA (9)
In other words, for every (7,z) e HxC,

Ala((2 5] ) w2

More generally, if v is a map from SL(2,Z) x Z? to C"*C, then the map
(f, (& A) = v(g M) (flour (8 A)) (11)

defines a right action of the Jacobi group on the algebra C"**€ if and only if v is a 1-cocycle for
the action (9), meaning it satisfies

v((& AN A)) = (v(8 Algxn (8", A) v(g', A). (12)
Such a 1-cocycle v can be obtained from a 1-cocycle v for the action (7) of G and a 1-cocycle vy
for the action (8) of H by setting

at+b z+At+p
ct+d’ ct+d

(10)

V(g A) € G H, v(g,A) = (va(g)laA)vu(A) (13)
which satisfies relation (12) if and only if we have the compatibility condition
V(g A) € G H, (vg(@)luAg) vH(Ag) = v (&) (VH(A)lGE)- (14)

Let j: SL(2,Z) — C"*C and ¢: SL(2,Z) — C"*C be defined for g = (‘g Z) and (7,z) € Hx C by

2
@ =ctrd, e =e(- ]

where e: & — exp(2inc&). These are 1-cocycles of SL(2,Z) into CH*C, For all nonnegative integers
k and m, the application j*¢" is therefore also a 1-cocycle.
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Letp: 72 — CH*C be defined for A = (A, ) and (1,z) e Hx C by
p(A)(t,2) = e(A%r+2)z).

This is a 1-cocycle of Z2 into C'*C. For every nonnegative integer m’, the application p™ is also
a 1-cocycle.
Following the construction of (13), we then consider the application

Vi,mm’ . SL(2, Z) < ZZ — CHXC
(&A= (RO A) " (A).
The compatibility condition (14) is satisfied if and only if m’ = m, and we deduce that v, ,, =

Vi.m is a 1-cocycle for the action (11) of SL(2,Z) < Z2.
Finally, if k and m are nonnegative integers, we define an action of SL(2,Z) x Z? on C'"*® by

zZ+ AT+ p)? at+b z+At+p

(FlomA) (1,2) = (ct +d) e (—C( (15)

+/\27+2/\z)f(

ct+d ct+d ct+d

forany A=(g,A) = ((? Z),(/\,]/l)) €SL(2,Z) = Z?, with e™(&) = exp(2immn&).
2.3.2. Definition and fundamental examples.

Definition 4. A function f: H x C — C is singular if:

e for all T € H, the function z — f (7, z) is 1-periodic, meromorphic on C, and its only poles
are the points of the lattice Z&® tZ, all of the same order, which is independent of 7;
e the function © — f(t,z) is 1-periodic;
o the Laurent coefficients of z — f(7,z) at 0 are holomorphic functions on H and at infinity.
We denote by S the set of singular functions.

Remark 5. Let us clarify the third condition: let A, be the n-th Laurent coefficient of z — f(7,z)
at 0. By the second condition, the functions A,, are 1-periodic. We therefore require that they be
holomorphic on H and have a Fourier expansion of the form

+00
A7) = ZAn(r)e(rr).
r=0
Definition 6. Let k and m be nonnegative integers. A singular function f: HxC — Cis a

singular Jacobi form? of index m and weight k if it satisfies f|; ,,A = f for all A € SL(2,Z) < Z>.

Explicitly, a singular function is a singular Jacobi form of index m and weight k if and only if
it satisfies the following two relations:

o forall (A, u) € Z?,

F(T,z4 AT+ ) = e 2mmNT4242) (7 2y (16)
o forall (24)eSL(2,2),
b .
(o o) e e e (17)

Remark 7. After circulating an initial version of this work, Jan-Willem M. van Ittersum informed
us about his article [23], in which he introduces the concept of strictly meromorphic Jacobi form.
We propose an alternative presentation of a particular case of his and, in particular, we emphasize
the analytical context by avoiding the notion of meromorphic form in several variables.

The definition of meromorphic Jacobi forms does not seem to be established. We draw inspiration from [16, § 3.2].
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We fix a matrix g = ( ) in SL(2,Z) and (A, u) € Z?. We have

at+b z ( z )
Nexsa crra) Yzestz\ i)

(Z®tZ), the equality (2) then implies

Now, Z @ &tbz =

ct+d cr+d

Prssmsty () = €T+ 978.7(2)
that is to say
(%,ﬁ):(c1+d)zgo(1,z). (18)
On the other hand, by the definition of elliptic functions
P(T,z+ AT+ p) = (1, 2). (19)
Let us denote 9, = d/dz. By differentiating (18) and (19), we find
0.0 ) ler s 0 oot (20)
and
(0:9) (0, 2+ AT+ p) = 9. 9(7, 2). (21)
With the convention described in Remark 2, the function e4 satisfies the equation
4(%,ﬁ):(cr+d)4e4(r,z). (22)
The Laurent expansion of ¢ is given by
1
z)= At ;(21’[ +1)eppn(T)2?" (23)

[9, Proposition V.2.5], which shows that ¢ (and thus 9, ) are singular.

The relations (18) to (23) thus show that @, 9, ¢ and e, are singular Jacobi forms of index zero
and weights 2,3, and 4, respectively. The remainder of the section aims to clarify the analytical
framework of Proposition 2.8 of [13]. This is a new response to a similar objective pursued
by [23, Proposition 2.7].

Theorem 8. (1) The functions 9,9, ¢ and ey are algebraically independent.

(2) The algebra of elliptic forms is graded by weight. We denote JS = C[p, d, 9, e4] @ ISk
kEZ>0

where ]Sy is the set of elements Z a(a,b,c)p® (9, go)befl with a(a,b,c) € C.

(a,bc)eZ?,
2a+3b+4c=k
(3) Forall k >0, ]Sy is the set of singular Jacobi forms of index zero and weight k.

Proof. Let us first show the algebraic independence of ¢, 9, ¢, and e4. For all 7 € H, we have
azg{)(r, %) = 0 according to [9, Lemma V.2.8]. Thanks to (6), there is an algebraic dependence

relation among the functions ey, eg, and 9: 7 — (7, 7/2):

9> —15e4,9—35e4 =0.
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Since e4 and eg are algebraically independent, we conclude that the functions ey and ¢ are also
algebraically independent. Assume now that ¢, 9, ¢, and e, are algebraically dependent. There

would exist an integer N > 1 and a non-zero sequence of complex numbers a;:)e such that

N .
Y fi(0:9) =0 with fi=) aefok.
i=0 k€

By specializing this equality at z = 7/2, we show that 7 - f (T, %) is zero, and by induction, all

T f; (T, %) are zero. By the algebraic independence of e4 and g, it follows that all the a,(:;l, are

zero, leading to a contradiction. This proves point (1). Point (2) follows from Definition 1.
Now let us prove (3). By applying (17) to (a,b,¢,d) = (-1,0,0,-1), any singular Jacobi form of
index zero and weight k is even in the variable z if k is even and odd in the variable z if k is odd.
Let f be a singular Jacobi form of index zero and weight k. For all 7, the function z — f(t,2)
is an elliptic function associated with the lattice Z & tZ, whose poles are points of the lattice. In
C/7 & 17, this function therefore has at most one pole (which can be multiple), and that is at 0.

Case of even weight. If k is even, for all 7 there exists P, € C[X] such that

f(t,2) = P (p(7,2))
and the degree ng of P, is half the order of the pole of z+— f(7,z) at 0 [9, Proposition V.3.1]. It is
therefore independent of 7, and there exist functions ay,...,a,, of H into C such that

o

flt2)=) aj(t)p(r,2). (24)
j=0
Considering (17) and (18), we have
2 at+b &
2j,. j= ky. j
]Zo(cud) uJ(CHd)go(T,z) _H(cud) a;(0)9(t,2).

The family (W]Z@rz)jeN is linearly independent. We deduce that each 4; is a weakly modular

function® of weight k — 2j.
Let us show that the a; are holomorphic on H and at infinity. The equality between the

Laurent expansion
+00
§ An (T)ZZn—znO
n=0

of z+ f(7,z) at 0 and the equality (24) leads, thanks to (23), to

x> 1y +00 j ‘
ZAn(T)Zzn = Z@(T)[Ze,(r)z”] Z210=2j
n=0

j=0 r=0

where the holomorphic functions €, on H are defined by ¢g =1, ey =0, and €, = (2r — 1) ey,
if r > 2. We deduce

o

Ay =ay,_,+ > aj E €a, """ €qj-

j=no—r+l  ay+taj=r+j-ng

By induction, we obtain that the functions a; are holomorphic on H and at infinity.

3In the sense of [19], that is, meromorphic on the Poincaré half-plane and satisfying modularity relations;.
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Finally, the functions aj are modular forms, hence elements of C[ey, e¢]. Thus, a singular Jacobi
form of index zero and even weight is an element of C[ey, eg, 9] C Cles, , (9. 9)?] € Cles, 9, d. 9]

Case of odd weight. If k is odd, then f d,¢ is a singular Jacobi form of index zero and even
weight k + 3. We conclude that f 9,9 € Cleg, 9,(d,¢)?] and that there exist polynomials P and Q
such that

f= azlpP(ezpsOHQ(e4,so,(ast)2)azso.
For all T € H, the function z +— f(7,z) does not have a pole at z = t/2, hence
P(eg,9)=0.
By the algebraic independence of e4 and p, the polynomial P must be zero. Thus f € C[g, d, 9, e4].
O
2.3.3. Dimension ot the space ]Sy. For any integer k > 0, a basis of the space ]Sy is
{g)“(azg{))beiz (a,b,c)ez;0,2a+3b+4c:k}. (25)

The equation 24+ 3b + 4c = k is equivalent to 4a + 6b = 2k — 8¢, and since the algebra Cley, e¢]
of modular forms for SL(2,Z) is generated by a function of weight 4 and one of weight 6, we
deduce that
Lk/4]
dim]JS; = Zd(Zk—Sc) (26)
c=0
where for all j € Z, d(j) denotes the dimension of the space of modular forms of weight j,
explicitly given by
(i) = j 0 if 12 divides j—2 -
=]+ { (27)
Although there are no modular forms of negative weights, and d(j) should be zero for j < 0, we
adopt a different convention to proceed with the following calculations, focusing not on the
modular aspect of d but rather on its combinatorial aspect. We extend the definition of d by (27)
to all integers Z. Then, we have d(j+12) =d(j)+ 1 for all j € Z.
Let x be a real number, and let ||x|| denote the nearest integer to x (with the convention
|[n+1/2|| = n for all n € Z).

1 otherwise.

Proposition 9. For any natural number k, the dimension dg(k) of the space of singular Jacobi forms of
index zero and weight k is given by

1 ifkisodd

2 otherwise.

(k +3n(k))*

ds(k) = dlm]Sk = 48

(28)

with  n(k) = {

The generating series of these dimensions is

k 1
) 92 =

kEZzO

and we have the recurrence relations:
dg(2k +3) =dg(2k) and dg(2k+13)=dg(2k+1)+k+5
for all integers k. The first values are given by

kK [[o[1][2[4]6
ds[1[o[1]2]3[4[5 |7

0]
—_
o
—
N
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Proof. By counting the elements of the basis (25) of JSi, we find that the generating series of dg is

) #Hwbaezlyk=2arsbradd= ) 2 Y 2 Y e

keZs acZsx beZs c€Zs

We then deduce

1
) ds(2k)z 5 .
VT —zP(1+2z)(1+z+2%)

and

k_ zZ
ke; ds(2k+ V)2 = S T T 2720

This immediately gives us
ds(2k) = dg(2k + 3) (29)
for all integers k. Considering (26) and the extension to Z of (27), we get

2k+1

ds(2k +13) =dg(2k +1) + Z 4k—8c+2)+2{

2k+1
Al J+8.

From this, we deduce the second recurrence relation:
dg(2k+13)=dg(2k+1)+k+5 (30)

for all integers k.

2
The function ¢ : k — % also satisfies the relations (29) and (30), and therefore so does

(k+37(K))?

18 for all integers k, by comparing the values for

lpll. We conclude that dg(k) = ‘

k€{0,1,2,4,6,8,10,12).

Remark 10. From the generating series of (ds(k))keZ , we deduce that this sequence is (t(k + 3))icz. » -
where t is the Alcuin sequence [10]. The explicit formula is then proven in [3, Theorem 1]. The
equations (29) and (30) are given in this context in [1] and proven in [11].

Remark 11. We can systematically obtain similar formulas for the dimensions of the spaces
considered in this text. A discussion on these formulas is provided in appendix.

2.3.4. Application to the differential equation of the Weierstraf§ function. The modular form eg is a
singular Jacobi form of index zero and weight 6. The dimension of ]S4 is 3, with a basis being
((6z 0)?, 503,50634). Thus, e¢ is a linear combination of these three functions. By identifying the

terms in z7%, 272, and 20 in the Laurent expansion at z = 0, we obtain:

1 » 1 5 3
= —— A — ¢ — = . 1
€6 140(8z80) +358/’ 75064 (31)

Thus, we recover the differential equation of the WeierstrafS ¢ function, which is central in the
theory of elliptic curves [9, Theorem V.3.4].
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3. SINGULAR QUASI-JACOBI FORMS OF INDEX ZERO
3.1. Action and differentiation. The action of SL(2,Z)x Z? on H x C is given by the map H:

H : SL(2,Z) < Z? N (H x C)"*C
3 [{a b HxC — HxC (32)
A—(g,A)—((C d);(/\,l/l)) — (1,2) A-(T,Z)Z(w Z+/\’l’+}4)'

ct+d’ ct+d

By the definition of an action, we have

H(AB) = H(A) o H(B). (33)
We calculate 5 5
H 1Y H 1
with
] : SL(2,Z)=xZ? — chxc
a HxC — C
((CZ),(/\,M)) = (t,2) +— ct+d
and
Y : SL(2,Z)=xZ? — cHhxt
, HxC — C
((Zd),(/\,p)) - (12 cz+c;4—d)\.
ct+d
By defining
X : SL(2,Z)=xZ? — cHhx¢
(( b) (" )) HxC — ‘E
ca)bp) =
(©z) = cT+d
we have
] Y 8_X w2
g_X] E_—XY 5 =-X (35a)
J IY IX
5 =0 5 =X 5, =0 (35b)

It is clear that the functions J, X, and Y are algebraically independent over C.

It follows from (35) that the algebra C[J, X, Y] is stable under the differentiation with respect
to T and z. The proof of the following proposition shows that the notion of a cocycle allows us to
understand the derivatives of the action with respect to z and .

Proposition 12. We have, for the functions J, X, and Y and the action defined in (15), the following
1-cocycle relations: Y(A,B) € (SL(2,Z) < 22)2
J(AB) = (J(A)lo,0B)J(B), Y(AB)=Y(A)l;,0B+Y(B), X(AB)=X(A)|3,0B+X(B).

Proof. The first relation on J is well known and easy to verify. For the second formula, we
differentiate (33) with respect to . Denoting H = (H;,H,), we find:

1 ( 1 Y(AB)) 6H(A)HB))6H1(B)+8H(A) H(B))GHZ(B)

J(AB)\J(AB)'~ = o | e T It
which, using (34), leads to
( 1 Y(AB)(x))

J(AB)(x)*"  J(AB)(x)

( 1 _ Y(A)(Bx) Y(B)(x)
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where we have denoted x = (7,z). Comparing the second coordinates and using the previous
formula, we obtain Y(AB)(x) = J(B)(x)~! Y(A)(Bx) + Y(B)(x) which proves the desired relation.
Next, differentiating the cocycle relation of Y with respect to z, we find

JY(AB), . 1 JY(A) dH;(B) 1 dY(A) dH,(B) JdY(B)
dz x_I(B)(x) Jt (Bx) dz (x)+](B)(x) Jz (Bx) Jz () + Jz (%)
Thanks to (35b) and (34), we deduce
X(AB)(x) = J(B)(x) > X(A)(Bx) + X(B)(x).

This is the cocycle relation of X. O
3.2. Definition.

Definition 13. A singular function f: H xC — C is called a quasi-Jacobi singular form (of index
zero), of weight k € Z, and of depth (s1,s;) € Z;O if there exist (fjujz )Osh <5 € SE1+1)(s2+1) gyuch

OSJQSSZ
that
S1 S2
VAESL(2,Z)<xZ*  floA= Z ijl,jz X(AY1Y(A)?. (36)
j1=0j2=0

where f;, ,, is not identically zero. From now on, we agree to denote f|iA := fli oA, and we will
only consider forms of index zero. It follows from the algebraic independence of X and Y over C
that the decomposition (36) is unique. We then define Q;, ;,(f) = f;, j,» and we call s; the modular
depth of f and s, its elliptic depth. The vector space of quasi-Jacobi singular forms of weight k
and depths less than or equal to s; and s, is denoted by ISfSL’SQ; the vector space of quasi-Jacobi
singular forms of weight k is denoted by JS;”.

Remark 14. The notion introduced here is consistent with that of [23, §2.4]. While that article
presents an approach via the notion of almost Jacobi form, we favor a direct approach.
Remark 15. The choice A = (((1) (1)),(0,0)) implies that Qg o(f) = f. This particularly implies

that ]Sfo’o is the space JSj of Jacobi singular forms of index zero and weight k, as previously
encountered.

Remark 16. e Let f €]S;” and g €]Sy°, then we have fg €JS;7, and
Qij(fe)= ) Qaylf)Qps(e)
(@.,y.9)
a+p=i
y+o=j

e It follows from the algebraic independence of X,Y, and J over C that the spaces ]S,‘z<J are in

direct sum. We can therefore consider the algebra graded by the weight JS™ = @ 1S,
kEZZO
which we will agree to call the algebra of quasi-Jacobi singular forms.

3.3. Stability under differentiation. The derivation with respect to z is zero on the algebra M of
modular forms. However, M is not stable under differentiation with respect to 7, which justifies
the introduction of the algebra M*® of quasimodular forms[18, 14].

The algebra JS of singular Jacobi forms is stable under differentiation with respect to z but is
not stable under differentiation with respect to t (as will be seen later, see Remark 19 on the
facing page, (49) and (50)). Here, we show that the algebra JS® is stable under each of these
derivations.
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Lemma 17. Let f: H x C — C be differentiable with respect to each variable, then

WA _ (), )
0z 0z -
and
A) d d
I hA) kX + (L) acve (L) A (38)
Jt at /|, dz
+2 k+1
Proof The result is obtained by differentiating with respect to z and 7 the definition f[;A =
kf ), then using (34) and (35). |
Proposition 18. The algebra ]S is stable under differentiation with respect to z and t. The derivation
d/9dz maps ]stl’s2 into ]S,i‘;rl 2, the derivation d/dt maps IS‘S1 2 into ]S:il;l S prthermore, for
JESIE
J 9Qj,n(f) .
Qj,.i, (a—];) = % +(j2+1)Qj-1,j,+1(f)
and
of\  9Qj i (f) aQ] ja-1(f) .
Q]l’]'z(&): 5,(2 1322 +(k_]1+1)le—1,]'z(f)-
More precisely,
a_]S<Sl ,S2 C ]S:ill-l-l ,Sp— 1 IS:illsz
and

a <s <
<51,52 <s1+1,8, <s1,55+1
305 T SISk IS

Proof. Thanks to (37) and Definition 13, we find

[,

From this, we deduce the results related to d/9dz.
Moreover, thanks to (38) and Definition 13, we find

S1 52

ZZ(% 2 XAV Y (A + o i, X(AYE LY (A2 L),

k+1 j1=0j=0

of of
—k( |A)X(A)+(—) A-Y(A) ( ) A=
fk Jt k+2 dz k+1
s1 S d .
ZZ( Iivte Ay Y(AY2 = £y XAV YAV — o, 5 X(AY Y (A
J1=0j2=0

Using the results related to d/dz, we then find those related to 9/ ar
If £ €J5:%, then I € IS5, but Q, 41,4, (9f/02) = 0, s0 L € IS 27! 1JS21%2, The
inclusion for d/ 8T is proved in the same way. O

Remark 19. Thus, if s, =0, then af € ]S;illo In particular, if f € JSg, then 3f €JSki1-

3.4. Fundamental examples. The results of this section are summarized in Table 1 on the next
page.
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Function | Weight ](D:itz})l Qs 5,
P 2 (0,0) 9
029 3 (0,0) | ;9
€4 4 (0, 0) €4
E; 1 (0,1) 2irt
e, 2 (1,0) | —2in

TaBLE 1. Fundamental examples of singular quasi-Jacobi forms.

3.4.1. Quasimodular forms. As mentioned in Paragraph 2.3.2, we identify from now on any
function f : H — C with the function f: HxC — C defined by f(7,z) = f(r). Through this
identification, any modular form of weight k is a singular quasi-Jacobi form of weight k and
depth (0,0). The n-th derivative (with respect to 7) of a modular form of weight k is then a
singular quasi-Jacobi form of weight k+2n and depth (#n,0). Similarly, e; is a singular quasi-Jacobi
form of weight 2 and depth (1,0) with Qq o (e;) = —2imn. Since the algebra of quasimodular forms
is generated by the modular forms e4 and eg and by the quasimodular form e;, we have thus
shown that all quasimodular forms are singular quasi-Jacobi forms.

3.4.2. The first shifted Eisenstein function. The shifted Eisenstein series of weight 1 is the series
defined on H x C by

M N 1
E,(7,2)= lim lim Yy ———
M—+c0 N—+o00 zZ+m+nt
m=—M n=—N
m=0=>n=0

[24, Chapter III, §2]. This function is well-defined and admits a Laurent series expansion

+00

1
Ei(7,2) = 2 Ze2n+2(r)22”+1 (39)
n=0

with the series converging on any punctured open disk centered at z = 0 with a radius less
than |z| (see [24, Chapter III, eq. (9)]). It satisfies the equation:

VA eSL(2,Z) < Z? Ei[JA =E; +2inY(A)

[5, Lemma 1]% the function z — E;(t,2) is meromorphic, with its poles located at the lattice
points Z + ©Z, and they are simple. Thus, the function E; is a singular quasi-Jacobi form of
weight 1 and depth (0, 1).

Remark 20. We use Weil’s convention from [23], reserving uppercase letters for functions intrin-
sically depending on two variables and lowercase letters for functions intrinsically depending
on one variable. The function E; and the generalizations obtained by replacing z + m + nt by
(z+m+nt)k are particular cases of what Charollois & Sczech [4] call Kronecker—Eisenstein series.
Our function E; is their function K*(z,0,1,7) = Ser(0,0,z, 7).

Lemma 21. The functions 9, 3,9, e4, E1, and e, are algebraically independent.

4In this work, J; was used to denote what we refer to here as ﬁ E;.
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Proof. Thanks to Theorem 8, it is enough to show that if k, 51, and s, are integers and if the f; ;,
are singular Jacobi forms of weight k — j; —2j, such that

S1
Z th J2 E]l ]22 = (40)
j1=0 =0
then, all the f; ; are zero. Suppose by contradiction that one is non-zero, we can assume it
is f;, 5,- Then, the left-hand side of (40) has depth (sq,5;). By uniqueness of depth, we deduce
that s; = s, = 0 since the right-hand side has zero depth, then all the f; ; are zero. O

3.5. Structure. Section 3.4 shows C[g, d, 9, e4,Eq,e,] CJS™. The objective of this section is to
show the equality of the two algebras.
The proof is based on the following lemma.

Lemma 22. Let f be a singular quasi-Jacobi form of weight k and depth (sy,s;). Then Qq ,(f)isa
singular Jacobi form of weight k — 2s1 —s,.

Proof. If A and B are two elements of SL(2,Z) 72, we have on the one hand

S1 S2
fI(AB) = ZZQW *Y(AB) (41)
x=0y=0
and on the other hand
S1 Sy
fIK(AB) = (flcA) kB = ZZ Qjy j, (k=25 -j, B) (X(A) B! (Y(A)], B
j1=0j2=0

To transform this latter equality, we use Proposition 12 to obtain

fIk(AB) = ii[iz(fl)(Jz) (XBY (<YB) |(Q), (D27, B)

x=0 y=0\j1=xj>=y
X(AB)*Y(AB)Y. (42)
Comparing the coefficients of X(AB)*1 Y(AB)*2 in (41) and (42), we find
Q51,52 (f)|k—251—szB = Qsl,sz (f)
Since Qg s, (f) is singular, we deduce that Q, ;,(f) is a singular Jacobi form of weight k —2s; —
SH. O

Theorem 23. The algebra of singular quasi-Jacobi forms is generated by the functions 9,9, 9,e4,E;
and ey. Thus, we have

JS* =Clp,d.9,e4,Eq, e2].
Proof. We have shown (see Theorem 8) that JS = C[p, d,9,e4]- Let f € ]stl’sz, and set

s 1 S1+S) 51 S
g:f—(—l)l(ﬂ) Qqs,,s,(f)ey By
Then

(1) g c ]stl—l,SZ -‘rISIfSl’SZ_l;

(2) Qs 5,(f) €JSk-25,-s, C C[g, I 9, e4] according to Lemma 22, so g~ f € C[p, 9, 9, e4, By, e2].
Based on Remark 15, by induction on s; +s;, we obtain

VkeZsg V(s1,5)€Z%y IS¢ CClp,d.9.e4.By €],
According to Lemma 21, JS® is therefore the polynomial algebra C[p, 9, ,e4,E1,e,]. O
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3.6. Remarkable subalgebras. The results of this section are summarized in Figure 1 on the
facing page.
3.6.1. Quasi-Jacobi forms of quasielliptic type.

Definition 24. We call a quasi-Jacobi form of quasielliptic type of weight k and depth s any singular
quasi-Jacobi form of weight k and depth (0, s).

We denote by ]S,?’SS the vector space of such forms of depth less than or equal to s. We define

JSOe = @ UJSI(()’SS, which we will call the set of quasi-Jacobi forms of quasielliptic type in the

k=0 s>0
following.

Thanks to Theorem 23, this is a polynomial algebra:

]SO‘OO = C[p, 029, 64,E1].

We have M c JS  JSO c JS*.
Equation (45) shows that JS%* is not stable under the modular derivation

7T d
o= 2iac
According to equations (23) and (39), we have
? =—p-ey, (43)
z

and therefore JS*® is not stable under the elliptic derivation
9
-0z

Table 2 on page 18 summarizes the stability of the various algebras involved under the various
derivations with introduced.

0z

3.6.2. Quasi-Jacobi forms of quasimodular type.

Definition 25. We call a quasi-Jacobi form of quasimodular type of weight k and depth s any
singular quasi-Jacobi form of weight k and depth (s, 0).

We denote by ]st’o the vector space of such forms of depth less than or equal to s. We define

Jse0 = EB U]st’o, which we will call the set of quasi-Jacobi forms of quasimodular type in

k=0 s=0
the following.
Thanks to Theorem 23, this is a polynomial algebra:

150 = C[p, 9, 9, e4,5].

We have M c JS c JS®? ¢ JS*® and M c M® c J§*0 c J§.
By Remark 19, the algebra JS* is stable under the derivation g,. Equation (45) shows that it
is not stable under the derivation 9.

3.7. Fundamental differential equations.
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JS*® =Clp,d.9,e4,Eq €3]
/ \
J$® = C[p, 9.9, €4, E1 ] J520 = Clp, d. 9, €4, 2]
\
JS =C[p, 9.9, e4] Cleq, e6,€2]
/
M = C[ey, eq]

Ficure 1. Remarkable Subalgebras.

3.7.1. Oberdieck derivation.

Definition 26. We define a derivation on the algebra JS® of singular quasi-Jacobi forms by
extending the following definition by linearity:

for any form f €JS7°, Ob*(f)=409.(f)+E19,(f)—key f.
We call this derivation the Oberdieck derivation.

Remark 27. We have Ob* = 47t> Ob where Ob is defined in [5]. The name refers to the work of
Georg Oberdieck [15]. The restriction of Ob* to M is the Serre derivation.

The derivation Ob* by definition maps ]S* %2 into ]S:?;l *2*1 We have the following more

precise proposition:

<51+1 So

Proposition 28. (1) The derivation Ob* maps ]S,fsl’52 into JS;, .
(2) The algebra ]S is stable under Ob*: the image under Ob” ofany singular Jacobi form of weight
k is a singular Jacobi form of weight k + 2.

Proof. Let f €]S;°. Using Proposition 18, we see that

Qj,,;,(Ob*(f)) =40:(Qj,j,(f)) +E102(Qjy,j, (f) —ke2Qj, i, (f) + 2imt(ji + j2 — 1) Qj,—1,j, (f)
+(2+ DE1Qj_1,j,+1(f)  (44)

If f €)S;™*2, then Qj, 5,41(f) = 0 for all j;, hence Ob*(f) € ]s,jjz“ 2,
If f €]Sk, we have Q¢ (Ob*(f)) = 0, which shows that Ob*(f) € JSy,». |

Remark 29. According to Proposition 28, the Oberdieck derivation stabilizes ]S°°’O. However, as
we will see in equation (51), it does not stabilize JS**.

3.7.2. Applications. The general results from the previous sections allow us, by explicitly calcu-
lating the images under derivation of the generators g, d, 9,e4,Eq, e;, to determine differential
relations among these generators.

The function g is a singular Jacobi form of weight 2, and Ob*(p) is therefore a singular Jacobi
form of weight 4; thanks to Proposition 9, the dimension of JS is 2, with a basis being (92, e4).
By equating the coefficients of 1/z* and the constant term, we find

Ob*(p) = —2(p° — 10ey).
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dz | dr | Ob”

M |yes| no | yes

JS |yes | no | yes

M® | yes | yes | yes

1S | no | no | no

JS*0 | yes | no | yes

JS™ | yes | yes | yes

TaBLE 2. Stability of algebras under three derivations.

From this, we deduce
~49,9 =E; 0,9 +29” —2e,9 - 20e. (45)

Equating the coefficients of z2" for all n > 1 then leads to

2(2n+1)dr €042
= (n+ 1)(2n+1)egpe~(n+2)(2n+5)ezu0a+ ) (2a+1)(a=2b=1)ezg€5:0. (46)

a>1,b>1

a+b=n
In particular, for n =1 and n = 2 (and considering the equality eg = %ei, which is a consequence
of the fact that the space of modular forms of weight 8 is of dimension 1), we recover using (31)
the equations of Ramanujan

7
dres = €4€2 = € (47a)
1 1 3
=159+ 75 (0:9)" + S9esreser (47b)
3 15
dc€g = 586€2-— ei. (47¢)
In particular,
* 2 3 ]' 2
Ob (84):_1466:_580 +6goe4+ﬁ(az@) : (48)

Thanks to Remark 19, the function 92 ¢ is a singular Jacobi form of weight 4 and thus a linear
combination of p? and e4. By equating the terms in z~# and the constant terms of the Laurent
series expansion, we obtain:

929 =6(p"—5ey). (49)

The function g, ¢ is a singular Jacobi form of weight 3, and Ob*(9, ¢) is therefore a singular
Jacobi form of weight 5; the space JS; has dimension 1 spanned by ¢ d,¢. By equating the
coefficients of 1/z°, we find

Ob*(9,9) =399, 9

from which we deduce

3 3
6187,@: 5(564—@2)E1+Z(—@+62)8z80- (50)
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By Proposition 28, Ob*(E;) € ]S?l’l. We have Q; ; (Ob*(E;)) = —47?, then Qo (Ob*(E;)) =
2imE; = Qq9(—E;e;) and Qq; (Ob*(Ey)) = —2ime; = Qg 1(—E; e3); we conclude that Ob*(E;) +
E1 ey € JS3 = (]:()Z 0. Finally,

. 1
Ob (E1)=§6z80—E162- (51)
It follows that JS”* is not stable under Ob*. Given (43), we then obtain
1
49 B =Eje+pE 1 +29: 9. (52)

Similarly, Ob*(e;) € JS5>°. By (44), Qy0(Ob*(e;)) = 47% = Qyo(—e2), then Q0 (Ob’(ey)) =
4ice, = Qlyo(—eg). We deduce that Ob*(e,) + e% €]JS4 = Cp? + Cey. The z-dependence shows that
Ob*(ey) + e% € Cey, and the calculation of the first Fourier coefficient allows us to recover the
image of e, under the Serre derivation:

Ob'(ey) = —e3—5ey, (53)

and thus the equation of Ramanujan

dr€r = i(e%—5e4). (54)

4. RANKIN-COHEN BRACKETS AND FORMAL DEFORMATIONS

This section is dedicated to the construction of formal deformations (see [12, Chapter 13], [6,
§ 1.1]) of the various quasi-Jacobi form algebras studied previously.

4.1. Rankin-Cohen brackets of quasi-Jacobi forms of quasielliptic type. According to Propo-
sition 18, the modular derivation 9, of JS® is homogeneous of degree 2 for this grading:
9:(JS;°) € ]S, for all k > 0. We can then define a formal deformation of JS* in the style
of formal Rankin-Cohen brackets as defined in [6].

Proposition 30. Consider the sequence ([ , 1,)us0 of applications from JS® x JS* to JS® defined by
bilinear extension of

< k+n-1\(C+n-1
_ 1\ r n—r
Fgh=) ¢ (S oo (55)
r=
forall f €]Sy°, g €]S;°. Then:
(1) SISl €ISEp4ay for all m,k, € > 0.
(ii) The sequence ([ , 1,)uso is a formal deformation of JS*.
(iii) The subalgebra M is stable under the applications [ , |,, with their restriction coinciding
with the classical Rankin-Cohen brackets on modular forms.

Proof. Points (i) and (ii) follow from a direct application of the general algebraic result of [6,
Proposition 3]. Point (iii) is the classical result proven, for example, in [26, §5.2]. O

We have seen in § 3.6.1 that the subalgebra ISO'°° is not stable under the derivation g,.
However, it is stable under the deformation above.

Theorem 31. The subalgebra JS* is stable under the sequence of Rankin-Cohen brackets ([ , 1,),o-

Proof. We use the general method of extension-restriction formulated in Theorem 6 of [6]. We
consider the inclusion A C R where we denote R = JS® and A = JS¥®. We denote by o the
derivation of R defined by multiplication by half the weight, that is defined by linear extension
of

S(f)=5f forall feJSp. (56)
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We further introduce the derivation of R defined by

0 = 1(Ob*~E; 9,) = dr —3e20. (57)
It is clear that 6(A) C A. Furthermore, A = JS[E; ], the derivations g, and Ob* stabilize JS by
Table 2 on page 18, hence 9(JS) C A and

1
O(E;) = 5(8250+ 29E)

thanks to (43) and (51). We deduce that 6(A) C A.

Moreover, the derivation 8 is homogeneous of degree 2 for the grading defined by the weight

on R and we have

00-606=06. (58)
We set x = %ez, which satisfies x € R and x ¢ A. It satisfies 6(x) = x and (53) shows that
O(x) = —x2 - % e4. Setting h = —% e4, we have h € A with 6(h) = 2h and O(x) = —x? + h.

We are thus exactly in the conditions for applying Theorem 6 of [6] with 9, = 6 + 2x0,
and we conclude that the sequence (CMgT’é)nzo of Connes-Moscovici brackets associated with
the two derivations 9, and ¢ defines by restriction to A a formal deformation of A. These
brackets are none other than the Rankin-Cohen brackets ([ , ],),s( as verified by an immediate
combinatorial calculation (see, for example, the proof of Proposition 3 of [6]). O

Corollary 32. The sequence ([ , ]y)uso is a formal deformation of JS*, which extends the sequence
of classical Rankin-Cohen brackets on modular forms.

Remark 33. The subalgebras ]S°°'0 and JS are not stable under the brackets [ , ],. For example,
it follows from (45) and (47a) that [e4, 9], is of depth (0, 1), hence it does not belong to either of
these subalgebras. In the following, we construct a formal deformation of JS which extends the
classical Rankin-Cohen brackets on modular forms.

4.2. Rankin-Cohen brackets of singular Jacobi forms. We start by establishing a variant of
Proposition 30 by introducing in JS® the derivation

1 1,1
d:ar"'ZElaz:ZOb +5€26 (59)
where ¢ is defined by the formula (57).

Proposition 34. Consider the sequence ([ , [,.)us0 of applications from JS*° xJS* to JS* defined by
bilinear extension of
n
Ak+n—-1\[€+n-1
b=y o

r=0

)df(f)d“(g) (60)

n—r r

orall f €]S°,¢ €JS°. Then:
k& E )9
(1) [[]S,;"’,]SZ"]]" CISErion for all n,k,€ > 0.
(ii) The sequence ([ , lu)uso is a formal deformation of JS*.
(iii) The subalgebra M is stable under the applications [ , [, their restriction coinciding with

the classical Rankin-Cohen brackets on modular forms.

Proof. The derivation d is homogeneous of degree 2. Therefore, it suffices once again to apply
Proposition 3 from [6]. O

The algebra JS is not stable under the derivation d; in fact, it is stable under Ob" but does not
contain e,. However, it is stable under the above deformation.

Theorem 35. The subalgebra ]S is stable under the sequence of Rankin-Cohen brackets ([ , [4),s0-
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Proof. We reuse the structure of the proof of Theorem 31, with A C R for R =JS* and A =]S.

This time we introduce the derivation of R defined by 6’ = %Ob*. According to Proposition 28,
we have 6(A) C A and 6’(A) C A.
Since 6’ is homogeneous of degree 2, we again have

60'-0'6=0". (61)
The same elements x = iez and h = —% ey satisfy
heA, xeR, xeA, 5(x)=x, 6(h)=2h, 0'(x)=-x>+h.

Thus, we conclude in exactly the same way by applying Theorem 6 from [6], this time with

d =0’ + 2x96, so that the sequence (CMﬁ’b)nZO of Connes-Moscovici brackets associated with the
two derivations d and 6 defines by restriction to A a formal deformation of A that coincides with
the sequence of Rankin-Cohen brackets ([ , [,)u>0 considered here. |

Corollary 36. The sequence ([ , [ln),s0 is a formal deformation of JS, which extends the sequence of
classical Rankin-Cohen brackets on modular forms.

Remark 37. The construction of the brackets (60) and the stability of JS are demonstrated
differently in [13, Proposition 2.15].

Remark 38. According to Remark 33, the subalgebra JS®? is not stable under ([ , ],)us0. How-
ever, it is trivially stable under ([ , J,)us0, since JS® is stable under Ob*. It is shown that
[E1,e4]ls has modular depth 1 (for example, using (48) and (51)), so that JS”* is not stable under

([ Tw)uso-

Remark 39. The construction of Rankin-Cohen brackets in Propositions 30 and 34 relies on
the relations (58) and (61) satisfied for the derivations used. A very different construction of
a formal deformation of the algebra JS™ is proposed in what follows, using the derivations 9,
and 9,, which satisfy 9; 09, = 9,0 d¢-

4.3. Transvectants of quasi-Jacobi forms of quasimodular type.

Proposition 40. Consider the sequence ({ , },)n>0 of bilinear applications from JS*° x JS* to JS*
defined by

n

r[ 1) yn—r 4r T oAn-T oo
=) (1) (2o osnanar o) rgers (62)
(i) The sequence (%{ , In)uso is a formal deformation of JS*.

(i) [JS5°,IS°), CISE .5, for all n,k,€ > 0.

Proof. Point (i) is a classical result in invariant theory corresponding to the associativity of the
Moyal product (see for example [17, Proposition 5.20]). Point (ii) follows from the fact that 9,
and g, are homogeneous of degrees 2 and 1 respectively. O

Remark 41. We recall the following two general properties of transvectants used subsequently.
On one hand, they satisfy the recurrence relation:
{f,8lus1 =10 f,0:8}n — 1021, 0c &hu (63)

initialized by the fact that { , } is the productinJS® xJS*,and { , }; is the Poisson bracket
dr A dz:
{f8lo=fg  and {f,8h = 9(f) 02(8) = 92(f) 9 (8)-
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On the other hand, the associativity of the star product defined on JS*[[#]] from

VLQEISS RIS fag=) —(f.ghh" (64

n>0

is equivalent to:

n

emersxasase Y (Jineb, =) (Cnehd, . 69

r
r=0 r=0

We have seen in § 3.6.2 that JS® is stable under g, but not under 9,. However, it is stable
under the transvectants, as we will see below. The proof requires some preliminary technical
results.

Lemma 42. Consider the derivation d = 9, +}—L E{ 9, of JS*°; we have:

(i) d(f)€JS™0 and {f, g} €]5™° for all f,g €]S™Y;
(ii) d(E;)€JS®P and {f,E}; €JS® for all f €S>0,

1 1
Proof. We have already considered in (59) the derivation d = 1 Ob*+§ e, 6. The algebra JS*0 =
JS[e;] is stable under Ob" according to § 3.7.2, and thus it is stable under d. We compute for all
f,geJse0:
{£,8h = 9:(f) 92(8) = 92(f)9x(8) = d(f) 02(g) - 9(f)d(g) € ]S
since J$* is stable under d and under 9, according to § 3.6.2.
It follows from (51) that

d(E;) = § 0,9 €] C ]S, (66)

Finally, thanks to (43):

{f Erh = d(f) 02(E1) —d(Eq1) 0:(f) = —(9 +e2)d(f) - % d:(f) a9 €]5°°.
g

)= 5(9; g{))E’f‘l € JS%® =JS[E, ]. However, JS”* is not

Remark 43. For any n € Z5, we have d(E]
= %Ob*(go) + %g{)ez with Ob*(p) €S (see Proposition 28)

stable under d since, for example, dgp
and pe, ¢ JSO>.

Lemma 44. Let n > 1 be an integer satisfying the following two properties:

(H1) forall f,g €JS*°, we have (f,g}, € JS*;
(H2) forall f,g €JS*°, we have (fEy, g}, — {f,gE1}, €JSP.

Then, for all f,g €JS®°, we have {f,g},s1 €JS°° and {f,Eq},41 €JS°.
Proof. By the recurrence formula (63), we have

{f’g}nﬂ = {arf'azg}n - {azfrarg}n
= — 1 ({920 B1, 0280 = {92(/), 0(Q) Ev}n) + ({A(£), 92()} — 10=(F), d()}n)-

Now, {9;(f)E1,92(2)}n — (92(f), 92(8) E1 ), €750 according to hypothesis (H2) applied to the
elements 9,(f) and 9,(g) of JS°C. Similarly, since d(f) and d(g) belong to JS*° according to
Lemma 42, the difference {d(f),d,(2)}, — (92(f),d(g)}, is also an element of JS*° by hypoth-
esis (H1). We conclude that {f,g},.1 € JS®°. The same argument applies to f € JS° and
g = E; since 9,(E;) and d(E,) are elements of JS*? according to (43) and (66). We thus have
{f,E1}ne1 €50, which completes the proof. O
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Lemma 45. For any n > 1 and all f,g € JS*, we have:
{fElfg}n - {f'gEl}n = f{Elfg}n + (_1)n71g{E1ff}n
n—1
n n-1
- Z(i)({{f/El}ixg}n_i +(-1) {{g'El}iff}n—i)'
i=1

Proof. On one hand, we can rewrite each product as a bracket { , }o, on the other hand, for all
0 <j<mn,thebracket { , };is(~1)/-symmetric. The desired equality can thus be reformulated
as

{f Erto, &, —{f - {B1. &hob, = {/ {E1, ghulo — {{/ E1}n 8o
n-1 " n-1 "
SN WA | TR
i=1 i=1
that is,
n n
n n
ZO( 1. ){{f,El}i,g}n_,- - ;(i){f, (E1, gl i
1= 1=
According to (64) and (65), this identity translates the equality (f #E;)* g = f * (E{ %g). This last
equality holds for all f and g in JS® due to point (i) of Proposition 40. O

Lemma 46. We have {f,g}, €J5°° and {f,E;}, €JS*° for all n > 1 and all f,g € JS*°.

Proof. We proceed by induction on n. The case n = 1 is shown in Lemma 42. If the property is true
forall 1 <i <n, Lemma 45 then shows that for all f,g € JS®°, we have {f E, g},—{f,gE1}, € JS*°.
We conclude with Lemma 44 that {f,g},.1 €JS°° and {f,E},,1 €JS*0 for all f,g€JS<0. O

We have thus proven that:

1
Theorem 47. The sequence (ﬁ{ . Ju)nso is a formal deformation of JS°°.

Proof. This follows immediately from the above lemma and point (i) of Proposition 40. O

Remark 48. The subalgebras JS”* and JS are not stable under ({ , bn)pso since, for example,
{eg, p}1 2 JS¥® according to (47b). The brackets { , }, vanish on M for all n > 1. The Poisson
structure on JS*? defined by the bracket { , }; is studied in [27]. We summarize the situation
on page 24.

Remark 49. With point (ii) of Proposition 40, Theorem 47 allows us to construct, starting from
two quasi-Jacobi forms of quasimodular type with respective weights k and ¢, a new form in JS*°
of weight k + ¢+ 3n, for all n > 0. This is a process comparable to that obtained in Sections 4.1
and 4.2 with the Rankin-Cohen brackets on quasi-Jacobi forms of quasielliptic type and on
elliptic forms, the increase in weight being 27 in those cases.

Remark 50. The original goal of this study was the construction of formal deformations on an
algebra containing elliptic functions obtained from the Weierstraf function and its derivative.
This motivated us to introduce the algebra C[g, 9, 9, e4] and subsequently C[p, d,9,e4,E1,€e;] in
order to achieve stability under differentiation. It is then natural to consider the algebras that we
have called quasimodular-type and elliptic-type. A shift in context consists in taking as a starting
point the notion of Jacobi forms with possibly nonzero index, possibly defined on a subgroup of
the Jacobi group, and then seeking to construct formal deformations in this setting. This work
remains to be done.
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APPENDIX A. STABILITY OF THE DIFFERENT ALGEBRAS UNDER THE DIFFERENT BRACKETS

The arrows indicate extensions; when a bracket is crossed out, it means that it does not stabilize the algebra.
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ArpPENDIX B. DIMENSIONS OF THE SUBSPACES OF QUASI-]ACOBI FORMS OF INDEX ZERO

Let k be an integer, we define P(k) = % and I(k) = 1_(_1)k.

2

Theorem 51. Let k > 0 be an integer. The dimensions dg(k) of ]S, dg’m(k) of]S,?’oo, dgo’o(k) of]Sio’O,
and d3’(k) of JS;° are given by

dg(k) = % + %k+ %kz + 3—92(—1)’< + 11—6(—1)kk+ % (P(k) + I(k)i)i* + % (i* +*)
do (k) = % + ;—§k+ 4—58k2 + ﬁi& + %(—1)" + %(—1)"1{ + %P(k)ik + 2i7(1 —j)* + 2%(2 +j)i%k
dg°(k) = % + %k + %kz + %1& g(—nk + %(—1)"k+ %(—1)’%2 + 1i6 (P(k) +1(k)i)ik
Fo (2 o (1-
dg (k) = % + %k + %kz + %1& + ﬁk‘* + %(—M + 3—32(—1)’<k + 1%(—1)’%2
+ 11_6 P(k)ik + % (jk +j2k)

where j = exp(2irt/3).

Proof. Using the same argument as in Proposition 9, the generating series for the dimensions are

1
dg(k) -2 = ’
ke;;() (1-22)(1-2%)(1-2%)
dO,m(k)‘zk — 1 ,
ke;zio ’ (1-2)(1-22)(1-2%)(1-2%
d>0k) - 2k = 1
k;z’o S (1-22)2(1—23)(1 - z%)

and

1
ngo(k)'zk: 22 3 e
VT (1-2)(1-2z%)*(1-2°)(1 —z%)
The partial fraction decomposition of the right-hand side justifies that the dimensions are of
the form

Py (k) + P_y (k)(=1) + By(k)i* + Py (k) (—i)* + B (k)j* + B2 (k)

where the P; are polynomials whose degree is strictly bounded by the valuation of z—-¢ in
the denominator of the generating function (see for example [20, Theorem 4.4.1]). These
polynomials are easily determined by the beginning of the series expansion. We used PARI/GP
for our calculations [21]. O

From the formulas in Theorem 51, we can derive polynomial formulas with rational coeffi-
cients in each class of weight modulo 12. Such formulas allow us to obtain “compact” expressions
for the dimensions similar to equality (28) in Proposition 9, for instance

L[k3+15k2+{72k+144 if k is even] '

do®(k) =
s (F) 144 63k +65 otherwise




26 F. DUMAS, F. MARTIN, AND E. ROYER

However, such a formula is somewhat artificial, particularly because it is not unique in its form.
For example, we also have

k+3 [(k+6)> if k is even

de®(k) = |~
s (k) 144 |(k+3)(k+9) otherwise
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