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A derivation on Jacobi forms: Oberdieck derivation
YOUNG]JU CHOIE, FRANCOIS DUMAS, FRANCOIS MARTIN, AND EMMANUEL ROYER

AsstrAcT. The aim of this very short note is to give details on Oberdieck derivation.
This is an unpublished companion to the work Formal deformations of the algebra of Jacobi
forms and Rankin-Cohen brackets by the same authors.

We build a natural derivation on Jacobi forms that extends Serre derivation. Our
construction has been influenced by a construction of some differential operator by
Oberdieck in [Obel4] and hence we shall call this derivation the Oberdieck derivation
(see also [DLMO00, GK09, MTZ08]). References for the Weierstrafl  and ¢ functions
are [Lan87, Ch. 18], [Sil94, Ch. 1] and [CS17, Ch. 2].

1. CONTEXT AND NOTATION

Let H be the Poincaré upper half-plane, that is the set of complex numbers T with
Im7 > 0. Let k be an integer and m a nonnegative integer. The multiplicative group
SL(2,Z) acts on Z? by right multiplication. The semidirect product of SL(2,Z) and Z?
with respect to this action is the Jacobi group: SL(2,Z) = SL(2,Z) Z*. Let F be the
set of functions from H x C to C. Let k and m be two integers. We have the following

actions of SL(2,Z) and Z? on F. Let (‘C‘ 2) €SL(2,Z), let (A, u) € Z?,let D € F, then

at+b z
ct+d ct+d

c d
@ (A, p)(t,2) = 2PNV (7, 2 4 AT 4 )

H ‘rl’lEZz
c1>|k’m(‘Z b)(’t,z) = (cT+ d)-ke-mmcp(

for all (7,z) € H x C. These two actions induce an action of SL(2,Z) on F the following
way: if (y, (A, u)) € SL(2,Z), if ® € F, then we define

@[, (7 (A w) = (DL, ¥)Il, (A p).
Explicitly, if y = (2 %) € SL(2,Z) and (A, ) € Z?, then
fl., v (A p)(t,z) =

2
(cT+ d)_k exp (ZTIim (_—c(z tAttp

ct+d

at+b z+At+pu
ct+d’ ct+d

+ A%+ ZAz))f(
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for all (t,z) € H x C. A function is invariant by the action of SL(2,Z) if and only if it is
invariant by both the action of SL(2,Z) and the action of Z2.

A Jacobi form of weight k and index m is a holomorphic function ®: H x C — C that
is invariant by the action of the Jacobi group and that has a Fourier expansion of the

form
+00

D(1,z2) = Z Z c(n,r)e?mnerz), (1.1)

n=0 reZ
r2<4nm

The vector space J ,, of such functions is finite dimensional. We identify functions on
H x C that are not depending on the second variable with functions on H and define

T k0 =M.
The space M is the space of holomorphic modular forms of weight k on SL(2,Z) and

we have
M.= P My

kEZZZO
k=2

The action I:lk,o of SL(2,Z) on Jk,0 induces an action of SL(2,Z) on M. This action is
|, and we shall simply write |, .
The bigraded algebra

T =D Tim
k,m

is not finitely generated and hence we introduce the notion of weak Jacobi form.
A weak Jacobi form of weight k and index m is a function invariant by the action of
the Jacobi group but with a Fourier expansion of the form

+00
(D(T, Z) — Z Z C(Yl, r)eZiT((nT+rz)
n

=0 reZ

r2<dnm+m?

instead of the one given in (1.1). For any given integer n > 0, the fact that the sum over r
is limited to r> < 4nm+m? is a consequence of some periodicity of the coefficients [EZ85,
p. 105]. The vector space \7k,m of such functions is still finite dimensional [EZ85,
Theorem 9.2]. As a consequence, we obtain that

;7](,0 = Mk.

Let 1 be the constant function taking value 1 everywhere (of one or two variables,
depending on the context). The subgroup of the modular group SL(2,Z) of elements y

with 1| y =11is
SL2,2)m =4[t "):inez
D)w=4%ly 1] )

The Eisenstein series of weight k € Z, 4 is

Ex(7) = ) 1|ky(T):% ) (er+ay™.

y€SL(2,Z),,\SL(2Z) (c,d)ez?
(c,d)=1
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Its Fourier expansion is given in terms of the divisor functions

YueC VnelZi, au(n):Zd”

dln
by
2k +00
% Ep(1)=1-=— § n
teH k(7) B L ox-1(n)q

where g = exp(2mit) and By is the Bernoulli number of order k. We use this Fourier
expansion to define an Eisenstein series of weight two:

+0o
Ex(t)=1-24 Zol(n)q".
n=1

For all even k > 2, we shall sometimes use another normalisation:

27i)k
Gk:—( :'1) BkEk-

2. TWO INTERMEDIATE FUNCTIONS
Forallte H,let A, =Z & tZ. The C function associated to A, is defined by
1 1 1
VieC—A, C(t,2)=—+ Z( +—+i).

z
weA,
w=0

Sometimes, we shall use the notation C(A,z) instead of C(7,z). The function z — ((z, 1)
is meromorphic over C. Its poles are the points of A; and they are simple.
We define J; by

VteH,Vze C- A, Ji(t,2) = L_C(T,Z)+%ZE2(T).

27
To describe the transformation relations satisfied by J;, we define a function X(M), for
any M = (‘; Z) €SL(2,Z) by
X(M) : HxC - C
cz
ct+d’

(7,2)

It satisfies
Y(M,N)eSL(2,Z)*>  X(M)| N =X(MN)-X(N).

Lemma 1— The function ], satisfies the following transformation properties:
V(/\,]l) 622 ]1 ||0(/\1I’l) :]l -A
YM eSL(2,Z) Jil, , M =] +X(M).

The Fourier expansion of J; is
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where & = exp(2miz), valid if &= 1 and |g| <|&| <|q|™".
Its Laurent expansion around 0 is

1 1
Ji(T,2) -— ZG2n+2(T)Z2n+1

T 2miz 2mi =
valid for all T € H and z in any punctured neighborhood of 0 containing no point of A,.

Proof. We prove the transformation property by the action of Z2. We have

Tl
+_

Jilt,z+ At +p)=Ji(7,2) = L.(C(T,Z+/\T+I4)—C(T,Z)) g (AT+ ) Ea(7).

27
Let 17 be the quasi-period map associated to A,. Then,

C(t,z+ At +p)—C(7,2) = (At + p).
The map 71 is a homomorphism of the group A; and hence
NAT+p) = An(t) + pn(1).
The Legendre relation implies that t#(1) —7(7) = 27 so that
nAT+p) = (At +p)n(l) - 2mil.

We have also

27i)?
a0 =~ Z Lk ).
We deduce
1 Tl
%(C(T,Z+/\T+]l)—C(T,Z))2—?(/\’[+[1)E2(T)—/\
and

Ji(t,z+ At + p) = J1(7,2) = -A.

We prove the transformation property by the action of SL(2,Z). First, note that if z ¢
Ay, then %5 ¢ A),. Let us show that it is sufficient to prove the result for M € {S, T}.

ct+d

Let M and N be such that
J1 |1,0M:]1+X(M) and J1 |L0N:]1+X(N)_

Then,
Jil,,MN = (J11,, M|, N = (1 +X(M))|,, N =J; +X(N) + X(MN) - X(N)
=] +X(MN).
The multiplicative group SL(2,Z) is generated by
0 -1 1 1
S—(l 0) and T—(O 1).
We deduce that if J; |1,oS =J1+X(S) and J; |1.0T = J; then J; |1,0M =J; +X(M) for all
M eSL(2,Z).
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Let us prove that J; | /T =J;. We have

Ji(t+1,z) = L_C(Aﬁl,z) + %iZE2(T +1)

27

1 i
= %C(sz)"‘ ZZEz(T) =J1(t,2)
since A;,; = A, and E, is periodic of period 1.
Finally, let us prove J; |1,0 S =J;+X(S). We have
1 z 1 1 z\ miz 1
(o 3)=smtlo ) 5 E()
We compute

S| =

C (— ) g,) =C (T_lAT, T_lz) since A_y/; = A,
=1C(A4,z) by homogeneity
=1C(7,2)

and recall that

Finally,

1 z 1 Tt z
-1 A\ T <

or, equivalently,
Jil,, S =T1+X(S).
The Fourier expansion of J; is a consequence of the following expansion for C:

1 ~ &t & . T 1 &
%C(T'Z)_Z(l_g—lqn_I_Eqn)q _?ZEZ(T)_E_E-

n>1

The Laurent expansion of J; is a consequence of the following expansion for C:

1 +0o
C(t,2) = 2 ;G2k+2(T)Z2k+l-

We define the J, function by

1
J2 ZDzh—ﬁEzﬂ%
where D, = ﬁ Similarly, we set D, = T‘?ar.s

Lemma 2— The function |, satisfies the following transformations properties:
YAWeZ® Tl (A p) =J2-2AJ1+A7
YMeSL(2,Z)  Jal,, M =],+2]; X(M) +X(M)?.
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The Fourier expansion of J, is
- __2Z[Z (&-& )]
dln

valid if |q| < |&| <|q|7".
Its Laurent expansion around 0 is

J2(1,2) =~ Gal1) = ) =D (Goy) ()27

valid for all T € H and z in any punctured neighborhood of 0 containing no point of A..

Proof. To prove the transformation properties, we apply D, to the transformation rela-
tions satisfied by J; and get

1

D, (Jy)l,,M =D,(J1) + iz

>——X(M)

and
D.(Jull, (A p) =D (J1).

The relations for J, follow from these equalities and the definition.
From the definition of J, and the Laurent expansion of J;, we have

(27i)*Ja(1,2) = —2Gy(T) + Z[ (2k +5)GoppalT Z G2442(7) Gopya(T )]ZZMZ'

k>0 a+b=k
The Laurent expansion of J, follows then from an equality due to Ramanujan (see [Sko93,

Eq. (1)]).

As a corollary of the Laurent expansions of J; and J,, we have that D,(J,) = 2D.(J).
We get from the Fourier expansion of J; the following
n _
LY et

D.(o)(rz)=-2) n) (&-&)q"=-2D,
n>1 dn

n>1 din

We deduce that a function H exists such that

Ja(t,2 :—2ZZ (£%+&7)q" + H(n).

n>1 dln
We have
Ja(T, -4y ) Zq'= £ (Ea(0)-1)
n>1 din
and hence . 5
Jo(1,0) = H(7) - - (2mi)? G (1)
The Laurent expansion of J, implies
2
J2(7,0) = i) Ga(7).

We deduce H(t) = 1/6. 0
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3. OBERDIECKIS DERIVATION
Let (k,p) € 2Zx Zsy. For f € Ty, let
k
Ob(f) =D.(f) - ﬁsz_h D.(f)+pl2f-

Proposition 3— For (k,p) € 2ZxZ, the map Ob is linear from :7k,p to 7k+2,p' Moreover,
if (€,9) € 2Zx Zsq and (f,g) € Tx,p x T ¢4 then
Ob(fg) = Ob(f)g + f Ob(g).

Proof. The computation of Ob(fg) is left to the reader. Let f € «7k,p and M € SL(2,Z).
We have

Do (fl,, M) = (pX<M>2 -

and

k

27iz

X(M)) flo, M =X(M)(D=(f),., M)+De(f),., M

D, (flklpM) = —2pX(M)(f|klpM) +D.(f),,,, M.
Since f| M = f we deduce

27iz

Do (f)l,.,, M =Dx(f) +( £ xm) —pX(M)z)f +X(M)(D.(f)l,.,, M)

and
Dz(f)lkH‘pM = Dz(f) + 2pX(M)f
In particular,

Do), M =Drl)+ D)+ 5o | X(M) 47 X0 (3.1)
From,
(01 D2D],.,, M = (J11,,M)(D=(f),.,, M)
we get
U1 D=1, M =J1Do(f) +(Do(f) +2pJ1 f)X(M) +2pf X(M)?, (3.2)
Similarly,
(5B oy M= {5 B = o XCM) (5.3
and
(PJaf),p, M =pJaf +2pJ1 fX(M) +pfX(M)?, (3.4)
Equations (3.1), (3.2), (3.3) and (3.4) lead to

Ob(f)l,,,, M =f.

Let (A, ) € Z%. Then
D ()l (A1) = Da(f) ~ 2pf A
and

Do (Il (A ) = De(f) =D(f)A +pfA? (3.5)
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and so
(=T DM (A ) = =1 Do(f) + (Do(f) +2pf J1) A= 2pf A%,
We also have
(Pl DI (A p)=plaf =2pJi fA+pfA%. (3.6)
Equations (3.5)—(3.6) lead to
Ob(f), (A, ) = f.

Finally, let T € H. We prove that Ob,: z +— Ob(f)(t,z) is holomorphic. By invariance
by the action of Z2, it is sufficient to prove that Ob, has no pole in 7, = {a+ bt: (a,b) €
[0,1[%}. The invariance of f by the action of SL(2,Z) implies that the Laurent expansion
of f around 0 is

fm2)=) Qau(v)z
v=0

where Q,, is a quasimodular form of weight k + 2v and depth less that or equal to v
(see [Roy12], [MRO5] or [Zag08]). The lack of odd powers in z is a consequence of the
non existence of odd weight quasimodular form. The only pole of C in F; is 0 and so
J1 has no other pole than 0 in 7,. The Laurent expansion of J; implies that the Laurent
expansion of J; D, f around z = 0 is bounded and hence J; D, f has no pole in 7. The
function J, has no other pole in F; than 0 as it can be seen from its definition. The
Laurent expansion of ], implies than 0 is not a pole. Finally, Ob, is holomorphic. [
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